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Abstract

We develop a tractable model of systemic bank runs. The market-based banking system
features a two-layer structure: banks with heterogeneous fundamentals face potential runs by
their creditors while they trade marketable assets in the asset (interbank) market in response to
creditor withdrawals. The possibility of a run on a particular bank depends on its assets’ interim
liquidation value, and this value depends endogenously in turn on the status of other banks in
the asset market. The within-bank coordination problem among creditors and the cross-bank

price externality feed into each other. A small shock can be amplified into a systemic crisis.
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At the heart of the financial crisis of 2007 to 2009 was a series of bank runs that caused failures
or impairments of many financial institutions (Bernanke (2010), Gorton (2010), Gertler, Kiyotaki,

and Prestipino (2020)).! Empirical research has revealed two key facts about how the crisis evolved.

FACT 1 (Co-movement between bank runs and asset prices): Since summer 2007, runs on
financial institutions had been on a steady rise and, at the same time, “discount rates” in asset
(credit) markets — fire-sale discounts on asset-backed securities, repo rates for securitized bonds,
and interbank lending rates — exhibited an upward trend.? Gorton and Metrick (2012) and Covitz,
Liang, and Suarez (2013) document that the probability of runs at the bank or program level was
strongly correlated with the LIBOR-OIS spread, a primary measure of interbank lending rates.

FACT 2 (Sharp crash): The initial gradual deterioration was followed by a sharp crash — a jump
discontinuity in asset prices together with systemic bank runs in September 2008, in the absence
of any apparent large exogenous shock to economic fundamentals (see also Gertler, Kiyotaki, and
Prestipino (2020)). In an immediate and aggressive response, the Federal Reserve implemented a

series of unconventional interventions to boost asset market liquidity (Bernanke (2009)).

Why do bank runs co-move with asset prices? And what gives rise to a sharp crash? Despite
a flourishing literature on banking and liquidity crises, few theoretical papers analyze the joint
phenomena and offer explanations for the nonlinear events. Indeed, theory on bank runs pioneered
by Bryant (1980) and Diamond and Dybvig (1983) typically does not feature a link to asset prices.
In recent decades, however, the banking system has experienced a transition toward a “market-
based” banking model, in which banks rely greatly on short-term runnable nonretail funding in
the capital markets as a source of financing and they heavily trade marketable assets (directly or
through repo contracts) in asset and credit markets in response to creditor withdrawals (see, e.g.,
Brunnermeier (2009) and Gorton (2010)). Financial institutions such as commercial and investment

banks, broker dealers, and shadow banks often fish liquidity from the same pool (Shin (2009)).

In this paper we develop a tractable framework that links bank runs with asset prices and
demonstrates the amplification mechanisms to explain a systemic crisis. Specifically, we model
bank runs in a market-based banking system, in which there are many banks and these banks, with
marketable assets and runnable debt, share a common asset market (e.g., asset liquidation market,
repo market, and interbank lending market). The model shows how a run on one bank affects, and
is affected by, runs on other banks via the asset market, and how a small shock can be amplified

into a systemic crisis featuring widespread runs concomitant with collapses in asset prices. The

! Besides well-documented runs on commercial banks and investment banks, the modern-day bank runs occurred
in the shadow banking system, such as the repo market (Copeland, Martin, and Walker (2014), Gorton and Metrick
(2010a, 2010b, 2012), Krishnamurthy, Nagel, and Orlov (2014)), money market mutual funds (Duygan-Bump et al.
(2013)), and the ABCP market (Covitz, Liang, and Suarez (2013), Kacperczyk and Schnabl (2010), Acharya and
Schnabl (2010)).

2 All these rates are “discount rates” used in pricing assets.



model explains the empirical facts and has novel policy implications.

We begin by presenting a baseline three-date model. There is a continuum of financial institu-
tions (“banks”). At the initial date, each bank finances its long-term risky asset with short-term
debt from many creditors. At the interim date, each bank realizes its asset’s fundamental value
(i.e., asset quality) — the expected payoff at the final date. A bank’s creditors receive noisy private
signals about the bank’s fundamental value and decide whether to roll over or to withdraw. If
too many creditors of a bank withdraw, the bank will be unable to satisfy these early withdrawals
and hence will fail at the interim date. All failing banks liquidate their assets in a common asset
market. The liquidation value of a bank therefore depends on its asset’s fundamental value, on
the aggregate volume of liquidation (fire sales) in the system, and on market liquidity (depth).
Under this setting, the equilibrium is characterized by the joint determination of three endogenous
variables: the rollover decision of creditors, the interim liquidation value of a bank in the case of
its being run, and the aggregate liquidation in the system. In particular, when a bank’s creditors
make rollover decisions, they need to form expectations about the liquidation value of the bank,
because the value determines the extent to which the bank can withstand early withdrawals (i.e.,

the degree of fragility to runs) and in turn the level of coordination risk among peer creditors.

The interplay between the within-bank coordination game and the cross-bank price externality
gives rise to two-way feedback between liquidation values and creditor runs. If creditors of a
bank believe the liquidation value of the bank’s asset to be low, they will optimally choose to run
more often because a lower liquidation value increases within-bank coordination risk. In turn, if
creditors run more often, more banks will fail in the system, increasing aggregate fire sales and thus
reducing every bank’s liquidation value due to the fire-sale externality. The feedback effect is also
strong enough to potentially generate multiple equilibria. In fact, because banks share a common
asset liquidation market, strategic complementarities arise among creditors of different banks, in
addition to strategic complementarities among creditors of the same bank. The increased degree
of complementarity among creditors in the system results in a higher likelihood of equilibrium
multiplicity. The amplification mechanism above — the feedback loop as well as the possibility of
multiplicity jumps — implies that a small shock to the aggregate state variables (i.e., the average
asset quality of banks in the system and the asset market depth) can turn into a systemic crisis

that exhibits a large number of bank runs accompanied by a sharp fall in asset prices.

We next present the full model. The full model allows banks to hold liquid assets in addition
to their holding of illiquid assets. The presence of liquid assets on the balance sheet of banks
not only directly affects the run incentives of bank creditors but also changes the behavior of the
asset market. Banks that realize stronger fundamentals and thus face fewer interim withdrawals in
equilibrium will supply liquidity to the asset market, while banks that realize weaker fundamentals

will demand liquidity. That is, interbank trading arises endogenously. The liquidation of illiquid



assets of banks in the asset market features both fire sales to outside investors and interbank
trading; in other words, the two types of trading co-exist. In particular, creditor runs, fire-sale
prices, and interbank rates are jointly determined in equilibrium. The full model hence sheds light
on the empirical facts by additionally rationalizing the movement of interbank (repo) rates, as in
the data. Equally importantly, the full model with liquid asset holdings, including heterogeneous

holdings across banks, lays the groundwork for analysis of realistic policy interventions.

The full model also allows for aggregate uncertainty. In the baseline model with no aggregate
uncertainty, the average asset quality of banks in the system — the aggregate state — is known,
so creditors perfectly foresee the aggregate liquidation under rational expectations. In contrast, in
the full model, the aggregate state is stochastic. In this case, the liquidation value of a bank, as
a function of the aggregate liquidation or the aggregate state, is stochastic. Individual creditors
use their private signals about their bank (i.e., local information) to infer the fundamental value
of their bank as well as the aggregate or global state. In other words, individual creditors’ private
signals reveal information about the status of not only their own bank but also other banks. Since
one signal plays dual roles to infer two-layer, correlated fundamentals, solving the global-games

model is challenging; nevertheless, we solve the model analytically.

The full model with aggregate uncertainty delivers additional new insights. An increase in

7 “panic,” etc.) — the second moment,

uncertainty about aggregate fundamentals (akin to “fear,
other than a change in fundamentals per se — the first moment, can play an important role in
amplification mechanisms responsible for a systemic crisis. First, aggregate uncertainty amplifies
the within-bank coordination problem, precipitating individual creditors to run. In fact, in the
system context, a bank essentially faces a run by its own creditors as well as “runs” by other
banks via the asset market. Uncertainty about cross-bank “runs” aggravates the within-bank
coordination problem for every bank, triggering actual cross-bank “runs” with an amplification loop.
Such an amplification mechanism would not exist in a single-bank model without an asset market
connecting many banks. Second, an increase in aggregate uncertainty is typically accompanied
by an increase in bank-level fundamental dispersion, as empirical literature documents. If cross-
bank fundamental dispersion increases more than does aggregate uncertainty, the equilibrium can
switch from uniqueness to multiplicity, and thus a self-fulling multiplicity jump is possible. In fact,
when cross-bank fundamental dispersion increases, private signals about one bank will become less
informative about other banks, so creditors will rely less on their private signals about their own
bank and more on the prior (public signal) to infer the aggregate state, in which case equilibrium

multiplicity becomes more likely.

Our model offers new and unique policy implications. Concerning ex post policies, our frame-
work, explicitly modelling bank runs jointly with asset markets, allows us to study and evaluate

two major unconventional intervention measures that the Federal Reserve implemented: providing



liquidity support to asset markets and injecting liquidity into financial institutions. We analyze
the pros and cons of each measure, demonstrate the tradeoff, and show the optimal combination.
Our analysis highlights that liquidity support to the asset market is effectively a price-contingent
bailout. This measure is particularly effective in tackling expectations-driven systemic runs: when
a bad expectation of creditors precipitates their running, driving down asset prices, it is precisely
at that time that the government’s liquidity support, for a given aggregate amount, is able to buy
more assets, which thereby provides a cushion making asset prices not fall as much, so a bad ex-
pectation may not be formed in the first place since it would not be justified. Overall, our model
suggests that for a crisis of high severity it is optimal for the government to use its limited resources
to support the asset market only, for a crisis of low severity supporting banks is optimal, and for
a crisis of medium severity it is optimal to mix the two measures. As for ex ante policies, our
model studies the ex ante problem, endogenizes liquid asset holdings of banks at the initial date,
and addresses the question of whether individual banks’ decision is socially optimal. This provides

novel perspectives on some pillar macroprudential tools underscored in Basel III.

Related literature. The literature on bank runs is vast. Our paper contributes to this literature
by modelling systemic bank runs — runs that occur simultaneously on many banks which inter-
act in a common asset market. Our focus is on studying the interplay between the within-bank
coordination among creditors and the cross-bank interaction in the asset market, which is crucial
to explain the empirical facts and shed light on policy measures. In contrast, existing papers typ-
ically model one element only. For example, Diamond and Dybvig (1983) and Gertler, Kiyotaki,
and Prestipino (2020) treat the entire banking system as a single or representative bank without
considering the interactions among banks and take asset prices largely as exogenous,® while pa-
pers such as Uhlig (2010), Bernardo and Welch (2004), and Morris and Shin (2004) directly study
market-wide runs and abstract away the within-bank coordination problem by assuming that each

bank has one representative creditor or simply that each firm/bank is an individual with zero debt.*

Our paper contributes to our understanding of amplification mechanisms in banking and lig-
uidity crises. Brunnermeier (2009), Krishnamurthy (2010), and Brunnermeier and Oehmke (2013)
survey various amplification mechanisms, where one prominent mechanism highlighted is the feed-
back between asset prices and balance sheet constraints: lower asset prices tighten balance sheet
constraints, causing asset liquidations, further depressing asset prices. Our paper studies and for-
malizes the amplification mechanism between systemic bank runs and asset prices under stress.

We show that a feedback loop exists between asset prices and creditors’ run on individual banks

3The liquidation value of bank assets in Diamond and Dybvig (1983) is exogenous. Interbank trading and prices
are absent in Gertler, Kiyotaki, and Prestipino (2020).

4Diamond and Rajan (2005) study banking crises and aggregate liquidity shortages, where there are no interbank
market or coordination issues among creditors within a bank. Allen and Gale (2000) study financial contagion through
interbank contracting claims and assume that banks face exogenous idiosyncratic liquidity shocks, where there is no
liquidity trading of banks in a common asset market or endogenous illiquidity risk for a bank.



(i.e., within-bank coordination). Unlike existing models in which there are often explicit exogenous
price-dependent constraints (e.g., the collateral constraint in Kiyotaki and Moore (1997) and the
VaR constraint in Brunnermeier and Pedersen (2009)), in our model there are no explicit constraints
and instead asset prices endogenously affect the coordination risk and run incentives of bank credi-
tors. The key state variable that triggers the amplification loop in our model is asset fundamentals
(akin to the net worth in Bernanke and Gertler (1989) and Kiyotaki and Moore (1997)), or the

risk-absorbing capacity of asset market investors as in He and Krishnamurthy (2012).

Our paper is related to the literature that studies bank runs using global-games methods. The
models in this literature realistically assume that creditors receive private signals about a bank’s
fundamentals, and show that a bank run is both fundamental-based and panic-based.® Early works
in this literature study runs on a single bank and take the interim liquidation value (function)
of the bank as exogenous (e.g., Rochet and Vives (2004), Goldstein and Pauzner (2005), and
the general model of Vives (2014a)). Liu (2016) and Eisenbach (2017) recently made progress in
endogenizing the interim liquidation values by studying many banks with interactions in a common
asset market.5 Our paper contributes to this literature in i) building a tractable framework to
endogenize liquidation values in the financial system context, featuring both fire sales to outside
investors and interbank trading, which is important for explaining empirical evidence and policy
analysis, and ii) modelling systemic bank runs in a general setting without and with aggregate
uncertainty. When aggregate uncertainty is present, our model studies the realistic setting in which
individual creditors use their private signals about their bank to infer both the fundamentals of
their bank and the aggregate state of the banking system (considering that local information is often
more available and precise than global information). Studying this kind of game and analytically

solving the equilibrium is new to the literature and constitutes a methodological contribution.

A new paper by Goldstein et al. (2020) presents a global-games model to study bank hetero-
geneity and financial stability by emphasizing reinforcement of two complementarities. Their model
also uses a setting in which runs on banks are connected because of fire sales in a common asset
market, which is closely related to Liu (2016, 2018a,b), Eisenbach (2017), and our work. Their pa-
per considers aggregate uncertainty and uses an information structure to have a unique equilibrium.
Specifically, their model assumes that individual creditors receive two distinct private signals: a
virtually perfect signal about the bank-specific component of their bank’s asset fundamentals and
a noisy signal about the aggregate component. Under this information structure, creditors of all
banks face one uncertainty, which is about the aggregate state, and there exists a unique equi-

librium (see also Sdkovics and Steiner (2012)). In contrast, our model assumes that individual

’See, e.g., Gorton and Winton (2003), Allen and Gale (2009), and Goldstein (2013) for discussions of evidence.

Eisenbach (2017) uses a reduced-form approach by assuming that outside investors provide an exogenous
downward-sloping aggregate demand curve for bank assets (while his paper has other focuses). Liu (2016) explicitly
models interbank trading.



creditors receive only one private signal, which is about their bank’s overall asset fundamentals
(instead of each component), following the standard literature. Individual creditors thus face two
uncertainties and use one signal to infer two layers of fundamentals — their bank’s fundamentals

and the aggregate state, and both a unique equilibrium and multiple equilibria are possible.

Prior research such as Hellwig (2002) shows equilibrium multiplicity in coordination games
if the precision of the public signal increases sufficiently faster than the precision of the private
signals. In our model, the global game is embedded into a Walrasian economy, in which case
multiple equilibria can emerge even when the precision of private signals approaches the limit
of infinity. Ozdenoren, Yuan, and Zhang (2018) and Asriyan, Fuchs, and Green (2019) show
that the intertemporal coordination in the infinite horizon can give rise to multiple self-fulfilling
stationary equilibria. In their models there is feedback between a higher (lower) asset price and
a pooling (separating) equilibrium. Multiplicity in our model does not depend on intertemporal
coordination or complementarity between participation and leverage (Garleanu, Panageas, and Yu
(2015)). Goldstein, Ozdenoren, and Yuan (2013) and Sockin and Xiong (2015), among others,
show the informational feedback of financial market prices. Asset prices in our model instead affect
coordination (illiquidity) risk.

Our paper is also related to several studies on dynamic runs. He and Xiong (2012) study
dynamic debt runs in a model in which a firm has a time-varying fundamental and a staggered debt
structure. They consider one firm, not various firms (banks), and every creditor observes the same
public information. Their work formalizes the intertemporal coordination problem among creditors
of a firm.” Our paper focuses instead on studying the interaction of many banks with endogenous
liquidation values. He and Li (2021) develop a dynamic model in which an entrepreneur borrows
from OLG households via layers of funds with rollover (run) problems between layers akin to He and
Xiong (2012). Our model features a different two-layer structure, namely, asset market — banks
— creditors. Martin, Skeie, and von Thadden (2014a, 2014b) study runs on short-term funding
markets. Their paper (2014a) shows how market fragility due to sudden collective expectation
changes can be addressed by individual banks and regulators. Their paper (2014b) focuses on how
different market microstructures influence expectation-driven runs. Our model studies systemic
bank runs and runs are both fundamental-based and expectation (panic)-based.

Our paper is additionally connected to the literature on pecuniary externalities and fire sales
(e.g., Gromb and Vayanos (2002), Caballero and Krishnamurthy (2003), Lorenzoni (2008), He
and Kondor (2016), Davila and Korinek (2018), and the surveys of Krishnamurthy (2010) and

Brunnermeier, Eisenbach, and Sannikov (2013)). In these models, individual agents’ actions can

" Angeletos, Hellwig, and Pavan (2007) study dynamic global games of regime change. Choi (2014) simplifies
the rollover decision within a bank and does not model the run in the regime-switching game. In studying trading
dynamics with search, Chiu and Koeppl (2016) show a government’s role in improving coordination, consistent with
our finding.



cause constraints to tighten for other agents and hence trigger asset transfers in the economy that
are often inefficient. Our model shares some similarities with these models, but there are no explicit

price-dependent constraints in our model. In this sense, fire sales in our model are endogenous.

The paper is organized as follows. Section I presents the baseline model. Sections II and III

study the full model. Section IV analyzes policy implications. Section V concludes.
I. Baseline Model

In this section, we present the baseline model, to highlight the model framework.

A. Setting

Figure 1 illustrates the framework; the notation will be explained in due course. There are three

dates: t =0, 1, and 2. We discuss banks, the asset market, and creditor runs, in order.
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Figure 1. The model framework.
A.1. Banks

There is a continuum of banks with unit mass, indexed by i € [0,1]. At ¢t = 0, each bank invests
in one unit of its own assets at a cost of 1. The cost is financed from two sources: an amount F
comes from a continuum of its creditors (depositors) with mass F', with each creditor contributing
1, and an amount 1 — F' comes from its equityholder (bankowner).® At ¢t = 1, a creditor of a bank
has the right to decide whether or not to roll over lending to the bank. If he decides not to roll over,

his claim is the par value 1 at ¢t = 1; if, instead, he decides to roll over, the (promised) notional

8We assume that each bank has its own creditor base (for example, regional banks).



claim to him is R at ¢t = 2, where R > 1 is the gross interest rate.” Bankowners and bank creditors

are risk-neutral.

The payoff of bank i’s assets at t = 2 is v; = 0; + e;, which follows a normal distribution
as in Grossman and Stiglitz (1980). That is, the uncertainty of the payoff is resolved gradually.
Specifically, the term 6;, interpreted as asset quality, has its realization at t = 1 with 8; = g+ 0gd;
(denoting 79 = 1/02), where 1y corresponds to the aggregate state of the economy at ¢t = 1 and d;,
which is independently drawn from the identical distribution ¢; ~ N(0,1) across i’s, corresponds
to the bank-specific realization. In the baseline model of this section, we assume that p, is a
constant and is common knowledge, that is, there is no aggregate uncertainty. The term e; is a
random variable with distribution e; ~ N (0,02 = 7_!) and its uncertainty is resolved at ¢t = 2. For
simplicity, we assume that e; = e is perfectly correlated across banks.!? Figure 2 illustrates the

timeline of the asset payoff’s uncertainty resolution.

v, =0; + ¢
f; ~ N(pg.03) e; = e~ N(0,0%)
| | |
t=20 t =1 t=2

Figure 2. Timeline of the asset payoff’s uncertainty resolution.

Although the asset quality of a bank is realized at t = 1, its creditors are not informed. Never-
theless, at t = 1 creditors of a bank receive imperfect information (signals) about the asset quality

of the bank. Specifically, the signal for creditor h of bank ¢ (about asset quality 6;) at ¢ = 1 is
h

s? =0; + ase?, where o5 > 0 is a constant (denoting 7, = 1/02), the creditor-specific noise ¢;

~ N(0,1), elh is independent across h's for a given 7, and each e? for a given ¢ is independent of 6;.
A.2. Asset Market

If a bank suffers a creditor run (to be elaborated), its assets must be liquidated or put on fire
sales at t = 1 in a competitive asset market, which consists of a continuum of competitive investors
with a total mass of n. Investor j € [0,n] has utility function U(W7) = —exp (—’ij ), where W7
is end-of-period wealth at t = 2 and ~ is the risk-aversion (CARA) coefficient. Without loss of

generality, the gross risk-free interest rate between t = 1 and 2 is normalized to 1.

Investors have private information (signals) about banks’ asset qualities. Specifically, the signal

for investor j about asset quality 6; at t = 1 is :cf =0; + stg, where o, > 0 is a constant, the

dWithout loss of generality, we normalize the interim notional claim to 1. What matters for the model is the
interest rate between ¢ = 1 and ¢t = 2, that is, R.

10As long as e; is correlated across banks to some degree (i.e., not perfectly diversified away, for instance, under
the assumption that there exists a common risk factor across banks’ assets), our model result of a downward-sloping
liquidation price (Lemma 1) and in turn other results will hold.



investor-specific noise Eg ~ N(0,1), sg is independent across #'s and j’s, and each Eg for a given i is
independent of 6;.

Suppose that in equilibrium banks with a total mass of ¢ (€ [0,1]) suffer creditor runs in the
system. The total measure of bank assets in the system under liquidation is then ¢.'! Denote by

l; the liquidation price of bank 4’s assets at ¢t = 1.
A.3. Creditor Runs

Consider a typical bank 7. If greater than % proportion of its creditors decline to roll over their
lending at ¢ = 1, the bank’s liquidation value will not be sufficient to cover these creditors’ claims,
leading to its failure (we call this scenario a “creditor run”). Alternatively, one may think of I; as
the collateral value of the bank’s assets. This means that the bank can raise cash of at most [; at
t = 1 by pledging its assets as collateral. If the demand for cash exceeds I; at ¢ = 1, the bank will
fail.

A creditor’s payoff depends crucially on the actions of other creditors of the same bank. Let A
denote the proportion of creditors of a bank who choose not to roll over (i.e., choose to call loans).

The payoff for a particular creditor is then given as in Figure 3.

Total calling proportion A € [0, %) Total calling proportion A € [%, 1]

(bank survives) (bank fails )
: Vg li
Hold min [R, f] A
Call 1 %

Figure 3. Creditor-run payoff structure.

If X e [% 1], a creditor run occurs and the bank fails at ¢t = 1. In this case, all creditors
equally share the liquidation value I; at ¢ = 1, but those who have not called will incur fee A (e.g.,
legal cost, agency cost, or reputation loss) to get their money back. This setup of a first-mover
advantage of withdrawing (calling) follows that in Eisenbach (2017). As Eisenbach argues, the first-
mover advantage, not depending on the sequential service constraint inherent in deposit contracts,
is more representative of market-based funding without a sequential service constraint as in Cole
and Kehoe (2000).!2 Moreover, as will become clear later, under the limit o5 — 0 all creditors of

a bank are in the same position in equilibrium, i.e., either all of them run on the bank or none of

1YWe will focus on the case os — 0. In equilibrium, then, if a bank suffers a creditor run, it will liquidate its assets
entirely (i.e., no partial liquidation).

12This bank-run payoff structure is in the same spirit as that in Rochet and Vives (2004). In Appendix B, we show
the robustness of our model under the alternative payoff structure of Rochet and Vives (2004).



them does so (A = 1 or 0). Therefore, paying the extra fee A under the scenario of “bank failing,

holding” is off the equilibrium path, which makes a general equilibrium analysis convenient.

If A €0, %), we follow Morris and Shin (2009) to simplify the payoff structure. Concretely, if a
bank has less than % proportion of its creditors calling, partial liquidation will occur but the bank
can still survive to ¢t = 2, in which case Morris and Shin (2009) assume that the bank’s balance
sheet reverts to its initial state. Essentially, after creditor withdrawals that do not result in bank
failure, the asset side of the bank’s balance sheet is restored to v; and the liability side reverts to
the total notional debt value F'R claimed by F' creditors. Put differently, as long as A € [0, %), the
bank continues as if it had not experienced any withdrawals. We use this simplified payoff structure
given in Figure 3 in the main text. We will show in Appendix B that our model results are robust

under the full payoff structure as in Diamond and Dybvig (1983).

A.4. Timeline

At t = 0, the liability side of a bank’s balance sheet is given by (F, 1 — F') and the contract
term (1, R) with creditors is fixed. At ¢t = 1, creditors, with information set { Lo, s?}, move first by
making their rollover decisions, and banks move later by conducting asset sales in the asset market
based on the total withdrawals requested by their creditors, at which stage asset prices {l;} are
formed. The rollover decisions of bank #’s creditors cannot be conditioned on the asset price ;.
First, when creditors make their rollover decisions, the asset prices {l;} will not have been formed
yet. Empirically, a bank’s creditors, who hold a debt contract, hardly know in advance details of
the bank’s business operation, such as knowing beforehand the yet-to-be-realized selling price of
bank assets. The asset price I; is also bank-specific, unlike a publicly observable index (which is
more like a realized ¢ in our model). Second, nevertheless, creditors receiving a signal about 6; is
equivalent to receiving a signal about [;, since [; is a function of 6; (as we show in Section 1.B.1).
In the limiting case of signal precision (i.e., o5 — 0) that we focus on, therefore, creditors of bank 4
are almost certain about [; under rational expectations about ¢, which will become clear in Section
1.B.1. At t = 2, payoffs are realized and contracts are delivered. Figure 4 illustrates the timeline.

Banks sell assets

based on withdrawal
requests

Liability side (F, 1-F) Creditors receive Bank runs (failures) Payoffs are realized
and contract term signal 55" and make  Asset market trading may happen and contracts are
(1,R) are fixed rollover decisions occurs delivered
Asset prices {I;} are
| | formed |
t=0 t=1 t=2

Figure 4. Timeline.
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B. Equilibrium
We study the equilibrium at ¢ = 1, the point at which creditors make their rollover decisions.
We are interested in the equilibrium in which every creditor uses a threshold (monotone) strategy
h Call  sh < s*
S — ,
h > g*

Hold st

2

where szh is the signal received by creditor h of bank ¢ and s* is the rollover threshold. Because
banks are identical ex ante, we naturally consider the symmetric equilibrium in which creditors of
all banks use a common strategy, that is, the threshold s* is not bank-specific. We will show that

an upper dominance region exists for the bank-run game in our model.

At t = 1, the portfolio choice of an investor j in the asset market is given by

I{I;?}}( E [— exp (—yW7) | {:EZ} , {ll}] st Wi = /qf(vZ —1;)di, (1)

where qg is the quantity of investor j’s demand for asset ¢ given his information set {{:L‘f } ,{li}}.

Definition 1 (Creditor run-asset market equilibrium) The creditor run-asset market equi-
librium at t = 1 is characterized by the triplet (s*,{l;},¢), where s* is creditors’ rollover threshold,
l; is the liquidation price of bank i’s assets, and ¢ is the total measure of assets under liquidation
in the system, such that i) given the price rule l; and creditors’ rational expectations of p, creditors
set their rollover threshold as s*, ii) given the rollover threshold s*, the total liquidation is ¢, and

iit) given the total liquidation @, the equilibrium liquidation price of bank i’s assets is ;.
B.1. Solving the Equilibrium

We solve the equilibrium by analyzing its three elements.

Asset market in equilibrium. Financial market can aggregate dispersed information of investors
without necessarily resorting to noise traders (Vives (2014b)). We can follow the trading mechanism
in Vives (2014b) to obtain the result that the price l; is a deterministic function of fundamentals
0;. Equivalently and for simplicity, we focus here on the fully-revealing equilibrium of the asset
market, i.e., the equilibrium in which financial prices fully reveal the fundamentals of the trading
assets in the spirit of Hayek (1945). In our context, it is the equilibrium in which 6; is fully revealed
to investors through the financial price l;. Alternatively, we can simply assume that the precision
of investors’ private signals approaches the limit o, — 0 as in Morris and Shin (2004), just as the
precision of creditors’ private signals approaches the limit o — 0; this gives the same asset market

equilibrium as in the case in which investors have perfect information about {6;}.

Lemma 1 summarizes the asset market equilibrium.
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Lemma 1 Given the aggregate liquidation ¢, the liquidation price of bank i’s assets is given by
li=0;—p/k, (2)
where k = n/ (yo?2) measures market liquidity (i.e., market depth).

Lemma 1 is in the spirit of Grossman and Miller (1988). When the risk-averse market maker
sector is forced to absorb more risky assets, the price of every risky asset is affected and reduced
because of the limited risk-absorbing capacity of the market maker sector. A fire-sale externality
across banks arises as ¢ is common. The liquidation is socially inefficient because the long-term
illiquid assets are prematurely liquidated and transferred from higher-valuation sellers to lower-

valuation buyers. As in the large literature, “market liquidity” is measured as market depth, k.

Creditor run in equilibrium for an individual bank. Consider a typical bank i. Because [; is
fundamental (6;)-dependent by Lemma 1, when 6; is sufficiently high, bank i will survive even if
every one of its creditors withdraws. That is, an upper dominance region exists. Therefore, we
only need to focus on threshold equilibria (Morris and Shin (2003) and Vives (2014a)).

Recalling Figure 3, denote by
. Vi
D(0:;R) =B (mln [R, F} |91) (3)

the expected payoff of the debt at t = 2 conditional on the realization of 8; at ¢ = 1, where
v; ~ N(0;,02%). Clearly, we have the properties ?ng > 0 and 9il—i>I—§r—loo (0;; R) = R.

Given that all other creditors of bank ¢ use the threshold s*, the bank, when realizing asset
quality as 6;, has a A (0;;5*) = Pr(0; + 05l < s%) = @ (‘g*g—:el) proportion of its creditors withdraw-
ing, where ® (-) stands for the c.d.f. of the standard normal and ¢ () denotes its p.d.f.. Moreover,
the bank with realized asset quality 6; will have its asset liquidation value to be l; = 0; — ¢/k.
Hence, by the nature of creditor runs, the bank’s failure threshold, denoted by #*, is given by

e (0 g

That is, the bank fails if and only if 8; < 0%, which is rationally anticipated by individual creditors.

Given the bank’s failure threshold 6*, what is the optimal strategy for an individual creditor
h? He rolls over if and only if his signal s? is above the threshold s*, and, by recalling Figure 3, s*

solves the indifference equation

By, sn | (D(0i) = 1) - 1g, >« + (=A) - 19, <o~

st = s*] =0, (5)
where By, 4 (+|sh) is the conditional expectation operator over ¢;, with the conditional distribution
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. 1 if z is true . . .
being 6;|s? ~ N(=Z6—py + —T=—sP —L1 ) and 1, = is an indicator function.
! To+Ts To+Ts 707 To¥Ts 7 0 if z is false

In equation (5), based on Figure 3, in the case of bank survival (6; > 6*) holding is superior to
calling, with the net gain equal to D(6;) — 1, and in the case of bank failure (6; < 6*) holding is

inferior to calling, with the net gain equal to —A.

We consider the limiting case of signal precision, os — 0. Under the limiting case, we prove

that the system of equations (4) and (5) is transformed into
0" =s* (6)

and

(D) -1+ (-8 (1- ) =o. ™
where ; = [; (0; = s*) = s* — ¢/k by (2). The term % in (7) measures illiquidity/coordination
risk and the term D(s*) measures insolvency risk. The intuition behind (7) is as follows. In
making rollover decisions, an individual creditor faces fundamental uncertainty as well as strategic
uncertainty (i.e., he is not sure how many peer creditors of the same bank will roll over). Under the
limit o5 — 0, fundamental uncertainty disappears (i.e., slh — 0;). Thus, for the marginal creditor
who receives signal s? = s*, his inference of 6; is 6; = s* and his inference of [; is [; (6; = s*) =
s* —p/k, given the price rule (2). However, strategic uncertainty does not disappear under o5 — 0.
For the marginal creditor, he perceives that A (i.e., the proportion of peer creditors choosing to
call) is uniformly distributed within [0, 1]. Hence, in his eyes, the probability that the proportion

of creditors calling loans is less than ZF’ is %, that is, in his eyes, the probability of bank survival is

lfi and that of bank failure is 1 — %, by recalling Figure 3.

Rewriting (7) yields

s* —Fgo/k:D(s*)gl—l—A _1 (8)
The limit 05 — 0 also implies that in equilibrium all creditors of a bank are in the same position
ex post — either all of them decide to roll over or none of them does so. This, in turn, implies that
in equilibrium a bank either completely liquidates its assets or does not liquidate any fraction, i.e.,

no partial liquidation.'® Lemma 2 follows.

Lemma 2 Given the price rule l; in (2) and creditors’ rational expectations of @, the creditor-run
equilibrium for an individual bank, characterized by (s*,0%), is given by (6) and (7) under o5 — 0.

For an exogenous ¢, the equilibrium is unique and the comparative statics %—i > 0 follows.

It is worth noting that the creditor-run game in our model features a fundamental-dependent

When 0; < s, it follows that 6; — p/k < s* — @/k < F by (8).
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liquidation value and a fundamental-dependent payoff structure (i.e., both I; and D(6;; R) =
E (min [R, %] \01) depend on 6;), and solving the equilibrium is nontrivial. In the literature, Rochet
and Vives (2004) use a fundamental-dependent liquidation value but a fundamental-independent
payoff structure, while Goldstein and Pauzner (2005) use a fundamental-dependent payoff structure
but a fundamental-independent liquidation value. Eisenbach (2017) assumes physical liquidation,
where an asset’s liquidation value does not depend on its fundamentals (see also Li and Ma (2022)).

Aggregate liguidation in the system. Because the creditors of all banks use the same rollover
threshold, the failure threshold is the same for all banks. Recall that the asset quality distribution
across banks at t = 1 is ; ~ N(ug,03). Banks with realized asset quality 0; > 6* will survive at

t = 1 while all others will fail. Hence, by 0* = s* under o5 — 0, the total measure of failing banks

= (o0, (9)

g¢

in the system is given by

which also implies that the total measure of bank assets under fire sales is ¢ under o5 — 0.

Lemma 3 summarizes the results of the three elements above.

Lemma 3 The creditor run-asset market equilibrium at t = 1, characterized by (s*,{l;},¢) for a
given (pg, k), solves the system of equations (2), (7), and (9) under the limit o5 — 0. Two-way
feedback exists between liquidation prices (¢ and thereby {l;}) and the run threshold (s*): %—i >0
in (7) (or equivalently (8)) and gg‘i >0 in (9).

The two-way feedback in Lemma 3 is intuitive. Essentially, we have the following feedback loop:

|‘)Ii 95*9@/’{—1

When creditors run on banks with a higher threshold, more banks in the system will fail, resulting

in a lower liquidation price for every bank. Creditors of a bank have rational expectations on this

and thus have higher incentives to run in the first place due to higher coordination (illiquidity) risk.
B.2. Characterization of the Equilibrium

We examine the creditor run-asset market equilibrium in Lemma 3, where ¢ is endogenous.

Combining (8) and (9) yields one equation:

R e Y

The equilibrium at ¢ = 1 is fully characterized by equation (10).!* Write the left-hand side (LHS)

li(Gi:s*
F

"Based on (7), conceptually, an equilibrium s* must also satisfy the conditions 0 < ) <1land D(s*) > 1.
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of (10) as function V (s*; g, k). Figure 5 plots equation V(s*; 1, k) = 1 under a set of parameter
values 09 = 0.6, F =0.6, R=1.1, 0, = 0.2, and A =0.1.

3 T T T |/ 3 T T T T T
-------- k=05 ,
k = 0.533 K
25— =056 | me=12 v 1 25
— k=05TT ‘
|- k=07

0.5

Figure 5. Equation V (s*;puy, k) = 1.
Formally, Proposition 1 follows.

Proposition 1 (Banking system with an asset market) Consider the limiting case of o5 — 0.
When k is high enough or pg is low enough, the creditor run-asset market equilibrium att =1 in
Lemma 3 is always unique; when k is not too high and py is not too low, multiple equilibria can

exist for some values of (pg, k).

(Comparative statics) At a stable equilibrium, § E <0 and 8k, < 0 (run threshold) together
with (W/k) <0 and ( /k) < 0 (fire-sale price dzscount) 15

Even under the limit o3 — 0, multiple equilibria can exist at the system level. The intuition is
as follows. The presence of a common asset market gives rise to strategic complementarities among
creditors of different banks, in addition to the complementarities among creditors of the same bank.
That is, there is an increased degree of strategic complementarity among creditors in the system,

which makes equilibrium multiplicity more likely (see Appendix A for more details).

Based on Lemma 3 and Proposition 1, Figure 6 illustrates what happens if a shock hits uy or

k.16 A small shock to py or k, triggering the feedback loop between s* and ¢, can lead to a large

15 At a stable equilibrium, the slope of the best response function is lower than 1, that is, 9 — < 1, where s*" is the
threshold used by an individual creditor and s* is the threshold used by other credltors At an unstable equilibrium,

8a” W > (<)0, shown in Appendix A.

> 1. This implies that at a stable (unstable) equilibrium,
16Llu (2019) endogenizes the market liquidity k.
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change in s* and ¢ along a selected stable equilibrium. The existence of multiple equilibria implies
an additional channel of amplification — multiplicity jumps. The right panel of Figure 6 illustrates
the effect, where the curve s* = s* (¢;k) is given by (8) and the curve ¢ = ¢ (s*, 11p) is given by
(9).17 A negative shock to y, results in the equilibrium moving from A to B (through the feedback
loop) or to B (through the multiplicity jump). A negative shock to k has a similar effect.

f s =s" (g k)

Ko 1 \(?)

aggregate liquidation
@1

(9) 8)

creditor running
threshold

st 1

k| '/(8; shock ug |

shock ampli- nultiplicity ) o
fication jump

Figure 6. Amplification and multiplicity.

Before closing this section, we show a difference between within-bank externality and cross-bank
externality in terms of the impact on run incentives. To formalize the idea, consider an individual
bank. Suppose that for some reason (e.g., under constraints) a proportion g of bank i’s creditors
will choose to withdraw for sure. What then is the rollover threshold s* for the other creditors of
bank ¢7 Similar to (8), s* is given by

li — FXo D(S*)—l—l—A_
F—FXo A N

V(s A0, ) = 1, (11)

where l; = 1; (0; = s*) = s* — ¢/k by (2). Note that A\g > 0 reduces both the numerator and the

denominator.

Lemma 4 The externality among creditors of the same bank is characterized by %/\;0)‘0’@ =

(=F)/(F—=FX)+F(l—FX\y)/(F— F)\o)2 m%—m < 0, while the externality among cred-
- (+)

itors of different banks is characterized by %jﬁo’@) = | (—=1/k)/ (F — FXp) W < 0.
~)

"Brunnermeier and Reis (2019) provide a review of amplification and multiplicity.
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Lemma 4 illustrates that the externality among creditors of the same bank has two opposing

forces while the externality among creditors of different banks has a single negative force.
II. Full Model with Liquid Asset Holdings

The full model in this section considers the setting in which banks hold liquid assets as well as
illiquid assets. We show that interbank trading arises endogenously and the two types of trading —
fire sales to outside investors and interbank trading — co-exist in the asset market. Three variables
— creditor runs, fire-sale prices, and interbank rates (repo rates) — are jointly determined in
equilibrium. We also examine how the distribution of liquidity across banks affects systemic bank

runs.

In what follows, we study the equilibrium at ¢ = 1 for given liquid asset holdings of banks. In

Appendix B, we study the equilibrium at ¢ = 0 to endogenize liquid asset holdings.
A. Equilibrium at ¢ =1 under Liquid Asset Holdings

We slightly modify the setup of the baseline model by instead assuming that at t = 0, the asset
side of a bank’s balance sheet is given by (¢, 1 — ¢), where ¢ is the amount of liquid asset holdings
(or simply “cash”) and 1— c is the units of risky assets. The liability side is still given by (F,1—F).
The rest of the setup remains the same as in the baseline model in Section I. Paralleling Section

1.B.1, the equilibrium at ¢ = 1 has three elements.

Aggregate liquidation in the system. Similar to (9), given the rollover threshold s* of creditors

for all banks, the total measure of bank assets under liquidation is given by
¢:(1—0)<I><8*_'UG>. (12)

op

Asset market in equilibrium. Recalling the timeline in Figure 4, given that creditors of all
banks use the rollover threshold s*, we find the asset market equilibrium of the subgame. We will
show that in equilibrium the structure of the asset market is as follows. In the asset market, banks
are endogenously divided into three segments: 0; € (—oo, s™], (s, s*), and [s*, +00), where s is
another threshold (to solve). Weak banks with asset quality 0; € (—o0, s**] sell/repo their assets
to strong banks 0; € [s*, +00), while intermediate-quality banks 6; € (s**,s*) sell their assets to
outside investors. Note that bank buyers are risk-neutral but potentially financially constrained,'®

while outside investors are risk-averse. Outside investors, as well as bank buyers, have perfect or

almost perfect information about seller banks’ asset quality.!?

1810 studying the equilibrium at t = 0, we will show banks optimally choose not to hold too much cash ex ante.

19 As in the baseline model, we focus on the fully-revealing equilibrium or simply assume that bank buyers and
outside investors receive private signals with diminishing noise about a seller bank’s asset quality (i.e., 0 — 0) as
in Morris and Shin (2004), similar to the precision of bank depositors’ information o, — 0. Empirical evidence in
Afonso et al. (2011) shows that industry buyers of bank assets can have fairly precise information about asset quality.
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Denote by n the aggregate fraction of liquidated assets that are absorbed by outside investors in
equilibrium, by [; the price of bank ¢’s assets in selling to outside investors, and by I the expected

return of interbank trading (equivalently, 1/1 is the discount rate between ¢t = 1 and ¢t = 2).

(Step 1: Prices determine allocation). Lemma 1 implies asset prices offered by outside investors

li =1(0;) = 0; — () [k (13)

For bank buyers, who are price takers in the competitive asset market, they offer the price % for

bank i’s assets. Therefore, on the seller side, a bank with asset quality 6; chooses to sell to peer
banks through interbank trading rather than to outside investors through fire sales if and only if
% > 1(0;). That is, there exists another threshold §; = s** below which selling to peer banks is

optimal and above which selling to outside investors is optimal, where s** solves % =1(6;), or

S**

G E o

In other words, seller banks are endogenously sorted in the asset market: banks with asset quality
0; € (—o0,s™] choose to sell to peer banks while banks with asset quality 6; € (s**,s*) prefer
selling to outside investors.? Intuitively, risk-neutral financially-constrained bank buyers seek the
highest return (IRR) while CARA-utility deep-pocketed outside investors purchase the assets until
the risk-adjusted NPV hits zero.

(Step 2: Allocation determines market clearing). Given that the outside investor sector absorbs
bank assets of quality 0; € (s**,s*), it follows that n = (<I> (8*—7119) - & (M»/@ (*9*—7/‘9)

o’} ) )

Given that assets from banks with 6; € (—oo, s**] are absorbed by peer banks 6; € [s*, +00), market

clearing (akin to cash-in-the-market pricing) dictates

s** (1—0)0; Oi—po\ _ [too 0i—pg .
foizfoo I do op T JOj=s* c-d® oo if s < 57 (15)
st (1=c)0; ) +o0 ) if gt — gt
f__ R L A7 £ ) < [,(",.c-dd | Z=Ee 1ors" =s

6;=—o00 I o9 6;=s (o]

In (15), if s** is an interior solution (i.e., s** < s*), the market-clearing condition is binding; if s**
is the corner solution (i.e., s** = s*), the total supply of liquidity can be excess.
Now we can explain and summarize two prices (returns) that individual banks face when they

trade in the competitive asset market. First, in the case that a bank is short of liquidity, it needs

to sell its risky assets in the asset market and the liquidation price is given by

>

(0:) = { 7 when 6; € (—o0, s**] )

1(0;) =0; — (np) /k  when 6; € (s**,s*).

20 A bank’s owner maximizes the total value of the bank (its debt value plus equity value) when liquidating assets.
Also, when oy is sufficiently small relative to u,, the probability of 6; being negative is negligible.
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Second, in the case that a bank has excess liquidity (i.e., 8; € [s*,4+00)), it buys assets from other

banks with expected return I and corresponding risky return

. I
f=I+-— " 1
T EG,6, <5 (17)

Considering that paying price L entitles a risky payoff 8; 4+ e while the average 6; in the interbank

M entitles a risky payoff

market is E(6;]0; < s**), therefore, on average paying price
E (6;|6; < 5**) 4 e, which explains I. In our model, trading between banks in the asset market
— essentially exchanging cash flows across time — can be interpreted as asset buying/selling or
secured lending/borrowing, and hence the return I can also be interpreted as an interbank lending

rate or a repo rate. Lemma 5 summarizes the asset market equilibrium with interbank trading.

Lemma 5 The asset market in equilibrium, characterized by (s**,{l;},I) for a given (s*,c), solves
the system of equations (12) to (15). The equilibrium is unique, determining the asset liquidation

prices given in (16) and the interbank return given in (17). The equilibrium has two cases.

i) When c is high enough such that fe _Co dq)( : “9) > (1-¢) f;:_f 0; - d<I>( : “9) the
equilibrium is a corner solution in which peer banks absorb all of the liquidated assets and there is
no fire sale to outside investors (that is, s** = s*, 1(0;) = 60;, and I = 1).

it) When ¢ > 0 is lower than the threshold in i), the equilibrium is an interior solution in which

fire sales to outside investors and interbank trading co-exist.

Creditor run in equilibrium for an individual bank. Anticipating the subgame with the price
rules given in (16) and (17), creditors make their rollover decisions in the first stage of the game at

t = 1 by choosing threshold s*. Paralleling (8), the creditor-run equilibrium is given by

+(1=¢)-1(0; =5 D(s)—1+A
F ' A

—1, (18)

where function [ (6;) is given in (16) and the debt value is redefined as D(6;) = E (min [R, %W} \91-),

with v; ~ N(0;,02) and I given in (17), as a survival bank has a payoff from interbank lending, cI.

Proposition 2 (Banking system with an asset market under liquid asset holdings) With
liquidity holdings, the creditor run-asset market equilibrium att = 1, characterized by (s*, (s**,{l;},I), )
for a given (g, k, c), solves the system of equations (12) to (15) and (18) under the limit o5 — 0.

We have the following comparative statics under certain mild regularity conditions: for a low

¢, at a stable equilibrium, ak < 0 and %9 < 0; 6((77‘p)/k) < 0 and a((W)/k) < 0; M < 0 and 8I < 0.
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B. Equilibrium at ¢ = 1 under Heterogeneous Liquid Asset Holdings

In the previous subsection, we assume homogeneous liquid asset holdings and show that the
aggregate level of liquid asset holdings, ¢, is a state variable in determining systemic bank runs. In
this subsection, we study the equilibrium under heterogeneous liquid asset holdings and examine
whether the distribution of liquidity holdings across banks matters for financial stability. The main

purpose of this study is to lay the groundwork for deriving policy implications in Section IV.

We extend the baseline model by considering liquidity holdings of banks under heterogeneity.
Specifically, assume that before creditors make their rollover decisions at ¢ = 1, the asset side of
bank i’s balance sheet is given by (¢;, 1) for some reason, where ¢; is the amount of liquid asset
(cash) holdings and 1 is the units of risky asset holdings. The short-term debt of a bank is still
made up of depositors of mass F'. Cash holdings ¢; are distributed across banks according to a
symmetric distribution with the fixed mean ¢ in the support [0,2c]. Denote the c.d.f. by G (-),
which implies that

/}mG@QZQ (19)

and in turn that the aggregate amount of cash holdings in the system is the fixed ¢. The baseline
model is a special case with degenerate distribution ¢ = 0. Also assume that the realization of
f; for bank i is independent of its cash holdings ¢;. That is, banks are heterogeneous along two

dimensions (¢;, 0;), where ¢; is known to creditors and 6; is not.

The setup above maps to the scenario in which the government decides to intervene and support
banks at ¢ = 1 by injecting liquidity into them (see Section IV). It is worth noting that we could
alternatively choose the setting of banks’ asset side being (¢;, 1 — ¢;) instead of (¢;, 1). However, this
alternative setting is less relevant. First, it adds another dimension of heterogeneity, namely, banks
are heterogeneous not only in their cash holdings but also in their risky asset holdings. Second,
more importantly, studying the setting (¢;, 1 — ¢;) is less relevant to policy analysis in Section IV.

Creditors of a bank make rollover decisions contingent on the bank’s cash holdings. That
Call sl < s*(c;)
Hold sl > s*(¢;)
{s?, ci} is the information set and s* (¢;) is the rollover threshold. The equilibrium of the system

at t = 1 is characterized by (s* (¢;), (s**,{li},I), ) for a given (uy, k, G (-)), where (s**,{l;},1) is

is, the rollover strategy of bank i’creditors becomes {szh, ci} — { , Where

the equilibrium outcome of the asset market as defined in the previous subsection.

FEquilibrium. The equilibrium is similar to that in the previous subsection. First, ¢ becomes

@:/¢<ﬁwt_w>«mm. (20)

g

Second, as all banks are treated equally in the asset market, s** is common (independent of ¢;) and

20



Eq. (13)-(14) don’t change, with n replaced by n = / [<I> <%) - (%)} dG(ci)> /.
s*(c;)>s**
Note that if ¢;-banks are with a particularly high ¢; such that s* (¢;) < s**, those banks do not sell

assets to outside investors and only sell to peer banks in the case of liquidation. The market-clearing

condition (15) is replaced by

/ T(s* (¢;))~dG(c;) +/ D(s™)~dG(c;) = /ci [1 — P <S(C)“9>} dG(cy),
s*(ci)gs** I S*(Ci)>8** I 09

(21)
where T'(z) := fé:_oo 0;d® (9’;79”9» the aggregate fundamental value of assets with quality up to
x that are put on sale. The market-clearing condition is binding when c is not large as shown in
Lemma 5. Third, the equation of creditor-run equilibrium (18) is replaced by

ci+1(0i =s"(c;)) D(s*(ci)) —1+A _

where function [ (6;) is given in (16) and debt function D(6;) is defined in (3). To prepare for
studying policy implications, here we assume that bank depositors do not claim part of the payoff
at t = 2 from their bank’s interbank lending, if any (the payoff goes to the government; see Section
IV). In other words, cash holdings affect the illiquidity risk but do not change the insolvency risk.

The system of equations (13), (14), and (19) to (22) solves the equilibrium. We are interested
in the comparative statics regarding how the distribution G(-) for a given fixed mean c affects the
aggregate inefficient fire sales 7. To find out, we proceed as follows. The aggregate supply of
liquidity from peer banks to the asset market, denoted by S, is given by

St — /ci {1 — (“”(00)9_“9)] 4G (i), (23)

while the aggregate fundamental value of bank assets put on sale (across all distressed banks),
denoted by D, is given by
Dl = /F(s* (¢i))dG(c;).

We then define the aggregate liquidity shortage of the banking sector or equivalently the net amount

of excess liquidity (which is negative) as
= SL—DL:/A(ci)dG(ci), (24)

where

Ac) = ci [1 — P <‘9(C)_“9)] ~ (5" (ci)).-

g9
Proposition 3 With heterogeneous liquid asset holdings, the creditor run-asset market equilibrium

at t =1 solves the system of equations (18), (14), and (19) to (22).
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(Comparative statics) Given a low ¢, when py or k is low, under a small enough og and certain
mild regularity conditions, ne (inefficient fire sales) is lower under the distribution G than under

the distribution G, where G second-order stochastically dominates G .

When the severity of a crisis is high (i.e., a low realization of p, or k), an increase in dispersion
of cash holdings can reduce inefficient fire sales in the system. Intuitively, for a crisis of high severity
in which a large proportion of banks suffer runs, distributing the limited amount of aggregate cash
holdings evenly across banks would not help as all banks would still have a low probability of
survival. However, if the limited resources are concentrated to a smaller portion of banks, these
banks would have a significantly increased chance of surviving. In fact, the survival probability of
a c-bank is increasing and nonlinear in ¢ (for low ¢ and small enough oy). In particular, once they
survive, they would lend in the interbank market to help other banks. That is, the cash holdings
for these receiving banks can be “reused”: making them survive more likely and (re)entering the

interbank market.

To elaborate, in the presence of the endogenous interbank market, the distribution of ¢; affects
the aggregate supply of liquidity in the interbank market from peer banks and hence the volume of
inefficient fire sales to outside investors. More specifically, A (¢;) is nonlinear and convex in ¢; (in
the range of a low ¢;). The economic intuition is as follows. How much liquidity can a bank supply
to the interbank market? It depends on two factors: whether the bank can survive (i.e., not suffer
a run) and how much liquidity the bank possesses conditional on its survival. Both factors are a
function of ¢;. In fact, in A (¢;), the term 1 — & (W) corresponds to the probability of survival
and the term c¢; corresponds to the amount of liquidity to supply conditional on survival. The

5™ (ci) =g

o )} , is convex in ¢;, so a more dispersed distribution

product of these two terms, ¢; [1 - (
G(c¢;) increases the aggregate supply of liquidity (by Jensen’s inequality). Note that the force of

the term I'(s* (¢;)) is dominated under a low py or k (a severe crisis) and a small enough oy.
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Figure 7. Aggregate inefficient fire sales () and aggregate liquidity shortage (II) as

a function of cash holding dispersion A..
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Figure 7 gives an illustration based on a simulation exercise. We consider the simple binomial
distribution of G (-), namely, ¢; € {c+ A, c— A} with a 50% probability for each realization,
where an increase in A, € [0, ¢] corresponds to a mean-preserving spread. Figure 7 plots ne and II
in equilibrium as a function of A., under a set of parameter values ¢ = 0.01, uy = 0.5, g9 = 0.2,
F=06,k=09 R=1.1,0,=0.2,and A =0.1.

ITI. Full Model with Aggregate Uncertainty

In this section, we study the full model by considering aggregate uncertainty, that is, aggregate
state py is no longer a constant but rather a stochastic variable. The central question we address in
this section is whether aggregate uncertainty plays an important role in amplification mechanisms
responsible for a systemic crisis, as many commentators emphasize uncertainty as a key factor in

crisis episodes (e.g., Bernanke (2009), Gorton and Metrick (2010a), and Bloom et al. (2018)).

To derive economic insights, the full model needs to be solved analytically, which is challenging
since one signal is used to infer two-layer, correlated fundamentals while the signal precision must
also be taken to the limit for model tractability. The Laplacian property for the standard global-
games setting that makes solving the equilibrium convenient cannot be directly applied to our

setting. We find a new approach to solving the equilibrium.
A. Setting

Consider the setting as in Section I, but assume that the aggregate state uy has the prior

-1
Ho

global-games literature, fiy can be interpreted as a public signal for the aggregate state uy (see,

distribution py ~ N (ﬂg,aig = 7,), where [ig is a constant and common knowledge. As in the
e.g., Morris and Shin (2003)). The special case of o, = 0 corresponds to no aggregate uncertainty
— the baseline model in Section I. Individual creditors’ private information is still their private
signal s?, that is, an individual creditor’s information set at ¢ = 1 is now {ﬂg, sf} Realistically,
local information is more available and precise than global information.

B. Equilibrium

Denote by s** the threshold used by an individual creditor and by s* the threshold used by
other creditors of the same bank as well as by creditors of other banks. An individual creditor h

knows the following two results (rules). First, given that all other creditors of the same bank as his

use threshold s*, the failure threshold of his bank, denoted by 6%, is given by

W_F*"/l“:cp(s*_e*). (25)

This defines 6* as a function of s*, written as 8* = 0" (s*;¢). Second, because the creditors of

all other banks use the same threshold s*, the total measure of bank assets under fire sale in the
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system must be a function of s* and pg, written as

0= (s", pg), (26)

which satisfies limocp (s*,pg) = @ (S*;TMO) Combining (25) and (26) yields one function 6* =

0" (s*; 0 (s*, 1g)), where the first argument s* is the threshold used by other creditors of the same

bank and the second argument s* is the threshold used by creditors of other banks.

Individual creditor h does not know gy and hence he does not know 6*, but he does know the
rule 0% = 0" (s*; ¢ (s*, py)). Moreover, he does not know his bank’s asset quality 6;. However, his
signal s? reveals information about both 6; and ugy. That is, one signal plays dual roles in Bayesian

updating. His threshold s** is therefore given by the indifference condition

B0/t ((D(9i) — 1)1y, 50|57 = 3*h> =By 00157 (A 1y, <] s} = S*h) , (27)

where B0 . (:|sh) is the conditional expectation operator and 1, is an indicator function defined

in (5). The conditional distribution is now a joint distribution of two dependent variables (4, 0;).

By symmetric equilibrium, we have

s*h = s*, (28)

Lemma 6 With aggregate uncertainty, the creditor run-asset market equilibrium at t = 1, char-
acterized by (s*,{l; (ug)}, ¢ (1g)) for a given (fg, k), solves the system of equations (25) to (28).

Under the limit 05 — 0, s* solves the equation

. o1 (k; (S* e (—Z))) . 1 , s*;oﬂg *
/‘+ o 1+(‘7!’«0/09) ( ) ¢(Z) dz ‘D(S);]'—'_A = 1; (29)
—o0 M
H‘(‘WG/C’G)Q

for the extreme case 0, — 0 and a given og, equation (29) becomes

1 & " —[ig i D(s*)—1+A:1;
Gl (55) /)7

for the other extreme case 0,, — +00 (i.e., improper prior of ) and a given og, equation (29)

(s )] P51

We can see that when o, — 0, equation (29) becomes the same as (10) (only with 1y replaced

becomes

by fip), so it is possible for s* to have multiple solutions as shown in Figure 5 and Proposition 1.

In contrast, when o, — +00, equation (29) clearly admits a unique solution.

24



Proposition 4 (Banking system with an asset market under aggregate uncertainty)
Consider the limiting case of o5 — 0. When oy, is high enough (for a given og), the creditor
run-asset market equilibrium at t = 1 in Lemma 6 is always unique, no matter the values of
parameters (fig, k). When o, is low enough, multiple equilibria can exist for some values of (fig, k),

as characterized in Proposition 1 (with py replaced by [ig).

With aggregate uncertainty there could be a unique equilibrium or multiple equilibria, depend-
ing on o,, (for a given oy and o5, — 0). The result of the amplification mechanism between
creditor runs and asset prices always holds. In fact, with aggregate uncertainty, a feedback loop

exists between s* and the probability distribution of . A shock to fiy or k triggers the loop.?!

With aggregate uncertainty, an individual creditor’s private signal s contains information about
the aggregate state or the status of other banks (besides the status of his own bank). When
aggregate uncertainty increases, the information content of the private signal about the aggregate
state rises. That is, the larger is o, the more weight creditor i assigns to his private signal sf,
as opposed to the weight assigned to the prior fiy, to infer the aggregate state py. Hence, upon

receiving a given high signal s?, under a larger o,,, creditor h tends to believe more firmly that
the amount of fire sales in the system is small (hence a high [;), which decreases his incentive to
run. In short, under a larger o/, an individual creditor i’s threshold s*" becomes less sensitive to

the threshold s* of other creditors, implying that equilibrium multiplicity is less likely.
C. Implications: Uncertainty Shocks and Amplification

Having solved the equilibrium with aggregate uncertainty, we now show amplification mecha-
nisms that operate through uncertainty about the aggregate fundamentals (the second moment),

other than through the fundamentals per se (the first moment).
C.1. Aggregate Uncertainty Amplifying Within-Bank Coordination

We show two channels of amplification. First, we show the posterior-mean channel. Recalling
(25), in the system context, an individual bank i is essentially run by other banks via the asset

market as well as by its own creditors, that is,

o = @(3*_“9>/k + Fo <3f—9*>, (30)

o’ Os
N—

“run” by other banks via asset market  run by own creditors

where s and s* denote the thresholds used by creditors of bank ¢ and creditors of all other banks,

respectively. In other words, in the system context, the interim illiquidity risk of an individual bank

1Based on (25) to (28), the equilibrium is essentially characterized by the fixed-point problem between
s* and the distribution of ¢, given by the two equations Eue,ﬁils? ((D(@i)—l)-lgi 28*(s*;w)’5f:5*) =

E#sﬂi\S? (A -1y, <9*(S*;¢)| sh = s*) and ¢ = @ (8", 11p).
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comes from two parts: external market risk and internal coordination risk. Because pgy is stochas-
tic, the first part is stochastic and individual creditors need to form their own expectations about
it. Under certain conditions, an increase in uncertainty about p, can cause the marginal credi-
tors to adjust their expectation about py downward and hence their expectation about ® (%)
upward in Bayesian updating, which precipitates their running at a higher threshold. That is,
uncertainty about cross-bank “runs” exacerbates the within-bank coordination problem for every
individual bank, triggering actual cross-bank “runs” with an amplification loop. Formally, we have

the following comparative static result.

Corollary 1 Consider the case in which the equilibrium is unique in Lemma 6. Under the sufficient

condition that pig is high enough and o, s low enough, the comparative statics % > 0 for (29)
Ly

follows. Hence, an increase in aggregate uncertainty o,, leads to a larger proportion of banks

suffering runs, ® (5*;79”9) , for any realized, unchanged aggregate fundamentals py.

Corollary 1 implies that a small increase in aggregate uncertainty o, can result in a significant

increase in s* and thus a significant increase in ® (%) for any realized, unchanged aggregate
0

fundamentals py. Figure 8 illustrates the effect, where the (best response) function s} = r (s*; 0#9)

is given by equation V(s*,s},0,,) = 1 in (A.10) in Appendix A2 A shock to oy, triggers the

feedback loop between s} and s*.

45% line

*
= S

Figure 8. Effect of an increase in aggregate uncertainty o, .

Corollary 1 holds under the parameter conditions such that in equilibrium the proportion of

banks failing in the system is less than 50% on average. Intuitively, without aggregate uncertainty

22In Appendix A, we show that the symmetric equilibrium in Lemma 6 can be alternatively characterized by the
fixed-point problem between s; and s* with two equations: V (s, s}, 0,,) =1 in (A.10) and s; = s*. An increase in

0, shifts up the curve sj =1 (s*;0,,), but also lowers the slope g:z at some relevant points (candidate equilibria)
so equilibrium multiplicity is less likely.
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(i.e., o4, — 0), the inference of jiy is simply equal to the prior fiy. With aggregate uncertainty, the
Bayesian inference of p, for the marginal creditors who receive signal s? = s* is a weighted average
of the prior fiy and their signal s? = s*. As long as s* < fiy (which implies ® (%) < 0.5 or
the proportion of banks failing is less than 50% on average), those marginal creditors adjust their
expectation about g downward (i.e., E (,u9| sh = s*) < Jig), so those creditors would choose to run

at a higher threshold. In other words, the equilibrium rollover threshold s* is increasing in o, .

Next, we show the posterior-variance channel. Here we make an additional assumption: n is
decreasing in ¢, which essentially means that the supply of liquidity is negatively correlated with the
demand for liquidity (in the same spirit as Liu (2019)). This assumption implies that k = n/ (y0?)
is decreasing in ¢, by recalling Lemma 1. For illustration and simplicity, assume that n = ¢ =8

with 8 > 0, which implies k = ¢~Pko, where kg = 1/ (y02). Recalling (25), (30) is revised to

. 5 — g\ -0\
0 F( “9)] /ko +F<I>< > (31)

o Os

Vv
“run” by other banks via asset market  run by own creditors

Because § > 0, the first term in (31) is conver in ugy for a larger range of i, when £ is higher, while

. 148
the convexity implies that the conditional expectation [E ( [(1) (%)}

I> increases when the

information 7 = { g, szh} become noisier in the sense of a mean-preserving spread for the posterior
distribution pgy|Z ~ N( T8 g+ —8_gh 1 ) under og — 0.

Tug+To Tugt+Te R Tug+To

Corollary 2 With the additional assumption that n is decreasing in ¢, an increase in o, can lead
to a higher s* and hence a larger proportion of banks suffering runs, ® (%), for any realized,

unchanged aggregate fundamentals fiy.

With the additional assumption, the market depth is lower precisely when more fire sales occur,
which implies that the fire-sale price discount (or the “run” by other banks via the asset market
in (31)) is convex in the aggregate state . Consequently, an increase in o,,, which results in
individual creditors being more uncertain about gy, makes them form expectations of a deeper
fire-sale price discount and thus precipitates their running at a higher threshold, with the feedback
loop as in Figure 8. The macroeconomic literature on economic uncertainty makes similar convexity
assumptions, for example, convexity is assumed in capital adjustment costs (Bachman and Bayer
(2013), Bloom et al. (2018)), in search and matching frictions (Leduc and Liu (2016), Schaal
(2017)), and in price stickiness in new Keynesian models (Basu and Bundick (2017)).

C.2. Shocks to Aggregate Uncertainty and to Bank-Level Dispersion

A large empirical literature documents that in bad economic times, both the uncertainty about

the aggregate (macroeconomic) state and the firm- or bank-level dispersion increase (see, e.g., Al-

27



tunbas, Manganelli, and Marques-Ibanez (2011), Bloom (2009), Bloom et al. (2018)). In particular,

bank-level dispersion can rise more than aggregate uncertainty. Corollary 3 follows.

Corollary 3 Consider the case in which there is a unique equilibrium initially in Lemma 6. When
both o, and og increase and % decreases, multiplicity (with a new less-efficient stable equilibrium,)

can emerge.

Corollary 3 highlights another channel through which an increase in the second moment of
fundamentals has an amplification effect — potential multiplicity jumps as depicted in Figure 6.
In fact, based on (29), a tiny decrease in 0,,/0s can cause a new (bad) stable equilibrium to
emerge (while the equilibrium threshold s* changes little for the original (good) stable equilibrium
because of a tiny change in 0,,/0g). Intuitively, when bank-level dispersion increases more than
does aggregate uncertainty, creditors’ private signals about their own bank become less precise
for inferring the status of other banks and hence these creditors have to rely more on the prior
(public signal), although the prior also becomes less informative. In this case, self-fulfilling beliefs

in response to the public signal have more room to form and multiplicity becomes more likely.

Remark. Before closing this section, we discuss how the effects of uncertainty shocks are
related to the two-layer structure. First, that aggregate uncertainty has amplification effects in
our model hinges crucially on the existence of an asset market (e.g., Corollary 2). In a one-layer
structure with a single bank where there is no asset market and idiosyncratic uncertainty is also
aggregate uncertainty, aggregate uncertainty has no such effects. Second, Corollary 3 shows the
amplification mechanism that works through the change in aggregate uncertainty relative to bank-
level dispersion. A single-layer model clearly does not have bank-level dispersion. Third, recalling
that the equilibrium for an individual bank 7 is given by equations (4) and (5) and the prior of
bank i’s fundamentals is 6; ~ N (ug, 03), one may wonder whether the comparative statics g%; >0

holds for this single-bank equilibrium. It follows that g%; = 0 under the limit o5 — 0. In contrast,

for the two-layer structure, we have % > 0 and g%; < 0 under the limit o5 — 0.

IV. Policy Implications

In this section, we analyze policy implications of our model, including ex post and ex ante

policies. Our model framework enables us to derive some unique policy implications.
A. Ex Post Policies

A creditor run is inefficient ex post because it causes long-term illiquid assets to be prematurely

liquidated and transferred to outside investors.?® In particular, when a bad shock (such as the

23The short-term debt of a bank in our model may play a disciplining role (Calomiris and Kahn (1991), Diamond
and Rajan (2001), and Eisenbach (2017)). For example, without the threat of a creditor run from short-term debt,
the owner of a bank can take an (off-equilibrium) action that makes the bank asset riskier with a negative NPV.
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realization of a low-probability state) hits py or k at ¢ = 1, government intervention may be

beneficial.

In the crisis of 2007 to 2009, the Federal Reserve adopted unconventional intervention measures,
including injecting liquidity into financial institutions, creating emergency liquidity facilities for key
credit markets, and directly purchasing long-term securities (Bernanke (2009)).

Using our framework, in this section we examine and compare two broad intervention measures:
providing liquidity support to asset markets and injecting liquidity into banks. We analyze the pros

and cons of each measure, demonstrate the tradeoff, and illuminate the optimal combination.

The timeline is as follows. At t = 0, the balance sheet of a bank is given.?® Banks do not
hold any liquid assets at ¢ = 0 as in the baseline model. At ¢t = 1, the aggregate state (shock) pyg
and the idiosyncratic fundamentals {0;} are realized. Creditors of bank i perfectly observe py and
receive a noisy signal about #;. The government observes the aggregate state py and may decide
to intervene. Specifically, before creditors make their rollover decisions, the government can use its
limited resources () to support the banks, the asset market, or both. We make a weak assumption

that the government has no information about individual fundamentals {6;}.
A.1. Supporting the Asset Market

Ggovernment support of the asset market, in the form of directly or indirectly purchasing assets,
can reduce the fire-sale pressure to outside investors and hence boost asset prices, which in turn
makes creditors have less incentive to run in the first place. That is, supporting the asset market

helps break the amplification loop between lower asset prices and more creditor runs.

Suppose the government uses liquidity in amount @ to support the asset market. Consistent
with practice, trading among private agents (who have expertise and information) in the asset
market establishes prices, and given the prices the government uses up the amount @) of liquidity
to buy assets. This is equivalent to the case in which the government and private investors start
a joint (co-investment) program/venture to purchase assets, or in which the government indirectly
purchases part of the assets bought by private investors (this idea of asset purchases was initiated
by Henry Paulson, the then U.S. Secretary of the Treasury, and later implemented by the Fed; see
Bernanke (2015)).

The equilibrium is similar to that in Lemma 3, but with the government’s involvement added.
Concretely, the creditor run-asset market equilibrium at ¢ = 1 is characterized by (s*, (o, {l;}), ¢)
for a given (ug,k, @), where the new term a denotes the aggregate fraction of liquidated assets

absorbed by outside investors (with the remaining 1 — « fraction absorbed by the government’s

24Gee Appendix B for the study of the ex ante problem of endogenizing the balance sheet.
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liquidity in equilibrium). The equilibrium solves the system of equations

lli 9: 0i — (390) /k N (asset prices of secondary market) (a)

i(0i=s" s*)—1+

( F L. o )A =1 (creditor run of an individual bank)  (b) (32)
=70 (%) (aggregate liquidation in the system) (c¢)
(1—a) f;::_oo l; (0;) - d® (91;76”@) =Q, (government’s support for market) (d)

where debt function D(6;) is defined in (3).

As an illustration, Figure 9 plots the equilibrium equation V' (s*;Q) = 1, where V(s*;Q) is
defined similarly to (10), under a set of parameter values py = 1.15, 09 = 0.42, F = 0.6, k = 0.56,
R=11,0.=0.2,and A =0.1. We can see that a higher @ not only shifts the curve V(s*; Q) up

but also reduces the curvature, making multiple equilibria less likely.

4.5 T T
ab |7 Q=0
—— @ =0.001
35F |—— @ =0.01

3 .
V 25+
ol

151

1

Figure 9. Equation V (s*;Q) = 1.

Lemma 7 Supporting the asset market (program (32)) de facto increases the market depth k, so it
not only reduces the run threshold s* for a given selected stable equilibrium, but can also eliminate

equilibrium multiplicity.

Supporting the asset market is effectively a price-contingent bailout: when asset prices are lower,
the government is able to buy more distressed assets; to reduce fire-sale pressure to outside investors
by the same level, the government would alternatively need to give banks a bigger bailout in the
form of providing loans to them. Supporting the asset market is particularly effective in containing
severe expectations-driven systemic runs: when a bad expectation about asset prices precipitates
creditors running at a higher s*, driving down asset prices, precisely at that time government
liquidity, with a fixed aggregate amount, is able to buy more assets, which thus provides a cushion

that dampens the decline in asset prices, so a bad expectation may not arise in the first place.
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That is, the government’s liquidity support to the asset market de facto improves market depth

(the effective market depth can be expressed as k = k/a > k based on (32a)).25
A.2. Supporting Banks

Despite having no information about the asset quality of individual banks, the government can
also choose to inject liquidity directly into banks. Importantly, after obtaining liquidity from the
government, banks can trade in the interbank market, so the government’s liquidity can flow where
it is most needed. This policy can be broadly interpreted as a system-wide credit policy or even

monetary policy.

Suppose the government decides to inject the amount @ of liquidity into banks and distribute it
evenly across banks. Then, after the liquidity injection and before the rollover decisions of creditors
at t = 1, the asset side of a bank’s balance sheet is given by (¢, 1), where ¢ = @ is the amount of
cash holdings and 1 is the units of risky assets. Under liquidity injection, the creditor run-asset

market equilibrium at ¢ = 1, characterized by (s*, (n,s**,{l;},I),¢) for a given (uy, k, @), solves

li="0; — (ny) [k

chi0,=st) | Dis)- 148 _ (asset prices of secondary market)
F A - (creditor run of an individual bank)
p=20 < 70 ) (aggregate liquidation in the system)
np =® (5 ;9“9> - (8 U;“") (assets sold to secondary market) (33)
_ S**
I= =" (interbank rate)
fs** % . 4P <9ﬁue) — [T 4D (92‘*#9> (interbank market clearing)
Oi=—o0 I L) 0;=s* )
c1=0Q (government’s injection into banks)

where D(6;) is defined in (3). For simplicity, we have assumed the following payoff structure for
the government in supporting banks. If a receiving bank suffers a run, it fails and the government
gets nothing back; if a receiving bank survives and hence lends out the government’s support
liquidity in the interbank market, the government obtains the full claims to the interbank lending.26
Essentially, the government provides non-recourse loans to banks (see the evidence in Duygan-Bum

et al. (2013), among others).

The equilibrium given in (33) is essentially that in Proposition 2; the only differences are that

banks’ asset side is replaced by (¢, 1) and c is determined by the government’s liquidity injection.

25The simple intuition is the following. Consider the asset price equation given in Lemma 1: | = 6 — 2 (with

subscript 4 removed for simplicity). The market depth corresponds to the slope % = —%. With liquidity support

V)_k%, where % is the amount of assets that the government
purchases and clearly % increases when [ decreases. It then follows that % = —%, where k =k —|—Q%2 > k.

26 Alternatively, we can assume that the government and the bank equityholder share the claims to the interbank
lending, in which case the model algebra does not change at all. As long as bank depositors do not claim part of the

interbank lending, the interbank return I defined in (17) does not enter D(s*), which keeps the analysis clean.

Q, the asset price can be intuitively written as [ = 6 —
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How cash holdings of banks affect the equilibrium (including multiplicity) is shown in Proposition

2 and discussed around Figure Al in Appendix A.

Lemma 8 Supporting banks by injecting liquidity into them (program (33)) reduces the run thresh-

old s* for a given selected stable equilibrium.

Two channels of mechanisms are at work for the result in Lemma 8. First, each bank has more
cash and hence creditors have less incentive to run. Second, the liquidation values of banks’ illiquid
assets are pushed up and creditors have even less incentive to run. The second channel arises
because part of the government’s liquidity enters the interbank market and hence the fire-sale

pressure to outside investors is alleviated and the market depth is in effect improved.
A.3. Optimal Combination of Intervention Measures

Given that the government has limited resources with which to support the system, it is im-
portant to study the optimal strategy for the government in the intervention. Our model formally
characterizes the pros and cons of each measure, and thus allows us to study the optimal combina-
tion of the two measures. In this subsection, we first present the constrained optimization problem

for the government and then analyze the tradeoff and show the optimal combination.

Recall that the government has an aggregate amount () of liquidity to support the system.
Suppose a portion with an amount )1 is employed to support the secondary asset market as in
Section IV.A.1 and the remaining portion with an amount )2 is injected directly into the banks
as in Section IV.A.2, where Q1 + QQ2 = ). The government is to choose the optimal allocation,
(Q1,Q2), for a given ). We proceed in two steps. First, we solve the creditor run-asset market

equilibrium for a given (Q1,Q2). Second, we find the optimal allocation (Q1,Q2) for a given Q.

In the first step, given the intervention combination (Q1,Q2), the creditor run-asset market

equilibrium at ¢ = 1, characterized by (s*, (n, o, s**,{l;},I), ) for a given (uy, k, @1, Q2), solves

li=0; — (anyp) [k

etli(0i=s") | D(s)—14A _ 4 (asset prices of secondary market)

B g A (creditor run of an individual bank)
p=¢ (‘?) y (aggregate liquidation in the system)
ny =@ (%) - o <s 02“0) (assets sold to secondary market) 24
(1—a) fei-*:s** l; (6;) - d® (92;79“9> = Q1 (government’s support for market) (34)
I = s**_?;:“a)/k (interbank rate)
fGS::*—oo % . dP <91;TH0) _ 0—1—2* ¢ dd (&;Tug) (interbank market clearing)

(government’s injection into banks)

6'1:Q27
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where debt function D(6;) is defined in (3). The equilibrium given in (34) is essentially the combi-
nation of the ones given in (32) and (33); in fact, (32) and (33) correspond to the two extreme cases
Q2 = 0 and @1 = 0, respectively. Notably, of the aggregate liquidation ¢ (in quantity), a portion
with quantity (1 —7n) ¢ is sold via interbank trading and the remainder with quantity 7y is sold
through the secondary market; of the remainder, a proportion « in quantity or value is absorbed
by outside investors and the rest 1 — « is absorbed by the government’s liquidity support. Figure

10 gives an illustration.

outside investors’ purchase with an endogenous amount

peer banks' purchase with amount @, (1 — @)

(from government’s injection)

government's market support with amount Q4

Figure 10. Where the liquidated assets with quantity ¢ go.

In the second step, the government’s optimal allocation (Q1, @2) is given by

i Oict ) d® (B500) 4 [y, (0ot ) - (250
max Y (QI’QQ) = af98~:s** [( i %k(p) + C] -d® <9io_'(9“0)
Q17Q2 + ‘ * 0;

P a) [ 0+ ) - do (P

st. (34) and Q1+ Q2=0Q. (35)

In program (35), the objective function is to maximize the aggregate value for the entire banking
sector and the government. Banks with 6; € (—oo, s**] fail but their illiquid assets are sold (trans-
ferred) to other banks, so there is no social efficiency loss, that is, the total value for different final
claimants for such a bank is still the fundamental value 8; 4+ c. Similarly, there is no social efficiency
loss for banks with ; € [s*,+00). However, banks with 6; € (s**, s*) suffer inefficient fire sales,
and part of their illiquid assets are sold and transferred to lower-valuation outside investors at the
discounted prices I; = 0; — (anyp) /k.2” Note that in (35) we assume that the government cares only

about the welfare of the banking sector. We can alternatively assume that the government also gives

2TWe can alternatively assume that, like the outside investors, the government is risk-averse. In this case, the
model result does not change qualitatively.
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some weight to the welfare of outside investors, considering that outside investors derive some (con-
sumer) surplus in buying the assets. In this case, because the surplus for the outside investor sector
. ; . 2

is given by nB [U(W9)| {11}] = nB [~ exp (— [[ ailvi — 1)di])] = —mexp (4 (v/k) £ (amp)?)
(see the proof in Appendix A), including this term in the objective function would not qualitatively

change the optimization result in Proposition 5 below when ~ is high enough.

Now we compare the mechanism behind the two intervention measures, listed in Figure 11.

: Measures Inject liquidity into banks Support secondary
Channels of mechanism asset market
Increasing liquidity holdings of individual banks Yes No
(Channel 1)

Amount of liquidity

entering the asset 1- proportion 100%
Increasing liquidation | finterbank market (from survival banks only)
value of illiquid assets (Channel 2)

of individual banks

Effectiveness of buyin
(in the case of a run) ying

distressed assets
(Channel 3)

More effective Less effective
(buy most-distressed assets) | (buy less-distressed assets)

Figure 11. Comparison of mechanism behind intervention measures in affecting run

incentive (s*).

The objective function in (35) implies that the government intends to reduce the run threshold s*
(and consequently reduce aggregate inefficient fire sales any). Based on the creditor-run equilibrium
equation in (34), there are two ways to do this: increase liquid asset holdings ¢ and increase the
liquidation value [; of illiquid assets of individual banks, which give three channels of mechanism

in Figure 11.

Supporting the asset market over supporting banks has advantages in Channel 2 but disad-
vantages in Channels 1 and 3. The comparison in Channel 1 in Figure 11 is easy to understand.
To understand the comparison in Channels 2 and 3, based on (34) we calculate the quantity of

distressed assets effectively purchased with the government’s liquidity ()1, which is given by

Q
(1—-a)np = E (1; (0;) 6; le (s**,8%)) ’

(via the support for market) (36)

where the denominator is the average price of the purchased assets. Note that outside investors
purchase assets with quality in the range 0; € (s**,s*). Similarly, we calculate the quantity of

distressed assets effectively purchased with the government’s liquidity QJ2, which is given by

+oo 0i—p
g C AP (R _
(I=n¢=-— :l 9‘#< ° ) =5 (QQ]QQ(-1< sf*)) T (via the support for banks)
( QZ:—OOTl.d(ﬁ( 20'99>>/((1_77)80) ’ =

(37)

where the numerator is the aggregate liquidity from the surviving banks 6; € [s*, +00), which enters
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the interbank market, and the denominator is the average price of the purchased assets. Note that

interbank trading purchases assets with quality in the range 0; < s**.

In comparing (36) and (37), we see the difference. Supporting the asset market means that
all of the government’s support liquidity enters the asset market, whereas supporting banks means
that only part of the government’s liquidity — the part that ends up in surviving banks — enters
the interbank market. This is reflected in the difference between the two numerators. On the
other hand, for the same amount of liquidity entering the asset/interbank market, the liquidity for
interbank trading is more efficient in tackling the asset market stress than is the liquidity for outside
investors. This is because the former purchases the most distressed assets 6; € (—oo, s**] while the
latter purchases the less-distressed assets 6; € (s**,s*). In fact, comparing the two denominators,
E(1;(0:)]0; € (s**,5%)) > E(0;]0; < s*) /I holds. The “quantity—quality (efficiency)” tradeoff
above can be alternatively illustrated by asking what the government’s payoff is if it gives $ 1 to

the market versus to banks. The payoff is 1 - E(I?((%‘%ﬁg.(ézfif)) versus (1 — ¢) - I, where the two

returns clearly satisfy E(I?((%‘iiﬁ(éz;s**i*))) < 1%

Under either intervention, the government’s support liquidity ¢ will enter the banking system
and in the end enter the failure banks which sell assets; see Figure 10. However, the two intervention
measures have different implications for the distribution of () among failure banks and for the

amount of outside liquidity entering the banking system (which is endogenous).

Proposition 5 Given a low Q, the government’s optimal allocation of liquidity, (Q1,Q2), in sup-

porting the system is given by program (35). There exist the following cases.

i) When (pg, k) is in the region such that in equilibrium the proportion of banks suffering runs

in the system, p = ® (%), is high enough, the optimal allocation is (Q1,Q2) = (Q,0).

it) When (ug, k) is in the region such that ¢ = ® (%) is low enough, the optimal allocation
is (Q1,Q2) = (0,Q).

it1) When (ug, k) is in the region such that ¢ = ® (S*U_T“e) is at an intermediate level, the
optimal allocation is (Q1,Q2) with Q1 > 0 and Q2 > 0.

Proposition 5 implies that for a very severe (grave) crisis (case i), it is optimal for the government
to use its limited resources to support the asset market only; for a mild crisis (case ii), supporting
banks only is optimal; and for a severe crisis (case iii), it is optimal to mix support to banks and
support to the asset market. Figure 12 provides an illustration based on a simulation exercise,
where Y (Q1,Q2) is the objective function in (35) and the parameter values are the same as in

Figure 7, that is, Q@ = 0.01, 09 = 0.2, F =0.6, k=09, R=1.1, 0, = 0.2, and A =0.1.

28 Qutside our model, as long as bank buyers are more efficient than outside investors in “arbitrage” (due to
preference, information, expertise, or other frictions), the tradeoff identified here likely still holds.
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for p1g = 0.5 (grave crisis) for j1g = 0.82 (severe crisis) for jip = 0.9 (mild erisis)

0.296 0.568 : - ‘ : 0.885
0.204 0.567
0.292 0566
Y(Q1,Q2) : 088
0.29
0.565
0.288
0.564 0.875
0.286
0.284 0.563
0.282 0.562 0.87
0 0002 0004 0006 0008 0.01 0 0002 0004 0006 0.008 0.01 0 0002 0004 0006 0.008
o5 Q1 Q1

Figure 12. Optimal combination of intervention measures.

We explain the economic intuition behind Proposition 5, beginning with the corner solutions for
cases 1) and ii). When the crisis is very severe (with a large proportion of banks failing and deeply-
discounted asset prices), supporting the asset market is optimal. In fact, in this scenario, survival
banks are few (i.e., 1 — ¢ is low), so supporting banks would result in very little liquidity entering
the interbank market — this disadvantage in “quantity” (Channel 2) far exceeds its advantage in
“efficiency” (Channel 3). Moreover, the advantage in Channel 1 of supporting banks is dwarfed,
considering that supporting the asset market is a “price-contingent” bailout: when the asset prices
are low, the government’s liquidity support can purchase a large amount of assets, so at that
moment supporting the asset market is much more effective.?? In contrast, when the crisis is mild,
survival banks abound (1 — ¢ is high), so the disadvantage in “quantity” of supporting banks is not
much and is outweighed by its advantage in “efficiency” (Channel 3) together with its advantage

in Channel 1.

We turn next to the interior solution for case iii). An interior solution exists because of the
“diminishing returns” effect of supporting the asset market (i.e., 8%/1 is decreasing in Q)1), given
that a higher ()1 pushes up the prices and reduces its own marginal effect. Note that the marginal
effect % is less sensitive to Q2 (than % is to (1), as Channel 1 of the mechanism does not
depend directly on the asset prices or the aggregate state. Overall, equating the two marginal

effects, 5%/1 = 8%/2’ yields an interior solution of Q.

So far we have assumed that, in the case of providing liquidity support to banks, the government
distributes the liquidity evenly across banks. Based on Section II.B, when the crisis is of high

severity (i.e., a low realization of p, or k), an increase in the dispersion of cash holdings can improve

29T isolate the effect via Channel 1 of supporting banks, we can consider the policy in Section IV.A.2 but shut
down the interbank trading, in which case the equilibrium given in program (33) is revised and the illiquidity risk
corresponds to c+1; (6;) = 0; —p/k +Q. In contrast, the effect of supporting the market is characterized by program
(32), in which the illiquidity risk corresponds to l; = 6; — (ap) /k = 0; — o/k + %/k:, where | = E (I; (6:) |0; < s*).
Clearly, when the crisis is very severe, supporting the market is more effective.
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efficiency. Now let us consider the policy of providing differential support to banks. Specifically, we
consider a simple form of differential support: the government, despite having no information about
the asset quality of individual banks, randomly gives half of the banks more liquidity and the other
half less liquidity, that is, there are two types of banks (type-A and type-B) with ¢; € {CA, cB},

where % (CA +cB ) = . Under this policy, the equilibrium is as given in Section II.B.

Corollary 4 Given a low @, when the crisis is severe enough (i.e., a low py or k) and support-
ing the asset market only is optimal in Proposition 5 (case i), the alternative policy of providing

differential support to banks is less effective.

Providing differential liquidity support to banks is more effective than providing equal liquidity
support to banks when the crisis is of high severity, as shown in Proposition 3. However, it is still
less effective than supporting only the asset market in such circumstances. The simulation results
in Figures 7 and 12 illustrate. Under the same set of parameter values, Figure 7 implies that
providing differential support to banks achieves the maximum value of the objective function given
in (35) as Y = g+ c— (np)? /k = 0.283 at ¢; € {CA =0.02, ¢? = 0}; in contrast, the maximum
value of the objective function in the left panel of Figure 12 is Y = 0.294.

The policy of providing differential support to banks overcomes, to some extent, the weakness of
the policy of providing equal support to banks (Channel 2 in Figure 11). However, when the crisis
is severe enough, even type-A banks with a higher level of cash holdings ¢ have a low probability of
surviving and thus supporting banks would still result in very little liquidity entering the interbank

market. Directly supporting the asset market is more effective in such circumstances.
B. Ex ante Policies

Basel III introduces requirements on liquid asset holdings, strengthening the requirements from
the Basel IT standard on banks’ minimum capital (leverage) ratios (see Basel Committee on Banking

Supervision (2011)). Our model provides a rationale for the new regulation.

Specifically, we endogenize liquid asset holdings at ¢ = 0 in our model, study the optimal level of
liquidity holdings for banks, and address the question of whether individual banks’ choice is socially
optimal. We show that individual banks’ optimal level of liquid asset holdings in the decentralized
equilibrium is typically lower than the constrained social optimum, which gives a rationale for the

regulation on liquid asset holdings. To save space, the details are relegated to Appendix B.

As for banks’ capital (leverage) ratios highlighted in Basel II, Eisenbach (2017) studies banks’
optimal choice of the short-term debt level as market discipline in general equilibrium, which

complements our work addressing banks’ liquid asset holdings.
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V. Conclusion

This paper presents a tractable framework of bank runs in the market-based banking system.
In the system context, a run on one bank is affected by, and affects, runs on other banks. Each
individual bank essentially faces a run by its own creditors and “runs” by other banks via the
asset market. Rollover decisions of creditors and asset market prices are jointly determined in
equilibrium. Our model with this two-layer structure — creditors run on banks and banks with
heterogeneous fundamentals interact in the asset market — offers insights that cannot be obtained
from a model with a single-layer structure. Our model also has unique policy implications. The

model framework is highly tractable and extendable and hence potentially useful for future research.
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Appendix

A  Proofs

Proof of Lemma 1: Given that the price I; fully reveals the fundamentals 6;, an investor does
not rely on his private information in trading. Hence, all investors are basically the same (as a
representative investor). Thus, the objective function of (1 ( ) can be transformed into one maximizing
[ai(0; — L)di — 3yVar (e [ ¢;di) = [ ¢;(0; — ;)di — 302 (f qzdl) .

The FOC with respect to any ¢; implies (6; — li)dz o2 ([ qidi) di = 0, that is, [ ¢;di = 702"
for any ¢. Different risky assets are perfect substitutes as long as their risk premium is the same.
Because n [ ¢;di = ¢ by the market-clearing condition, we have [; = 6; — ¢/k, where k =n/ (’yaZ).

Proof of Lemmas 2 and 3: The distribution of v; under a higher 6; has first-order stochastic
dominance over that under a lower #;. Because function min [R “i] is non-decreasing in v; and

' F
strictly increasing for some ranges of v;, D(0;; R) = E (mln[ ] |0; ) is increasing in ;. Also,
lim D(0;; R) = R.
6;—+o0

By (4), we can obtain 6* as a function of s*, that is, function 0* (s*) is given by the implicit
function s* = 6* +o,®~! <%) Then, we replace " in (5) with s* by plugging in the function
0* (s*). Clearly, (5) can be rewritten as

/+OO (D(H) - 1) d® - <ﬁ#0 - T(;:STS S*) - /eie* Add b (Te+Ts Po + Tg-‘rT *>
’ 0

(2
i =0* 1 i =—00 1
To+Ts To+Ts

(A1)
Write the LHS of (A.1) as V¥ (s*;0,). We transform V' (s*;0,) by changing variables to z =

0;,— 7_7'79“#94’7_7—787_85* . N
( R ) and obtain V¥ (s*;0,) = f;izo [D (, / TeiTsz + (T9+7_g/i9 + T9+T )) - 1} ¢ (2)dz,

TotTs
where 2 satisfies the joint equations

0*_ TTeTﬂe_i_T - g* .
20 = < ot Te ot ) and S* = 0* + O'S(I)_l (0 @/k) . (A2)

1 F

To+Ts

* s* —1 (0" —p/k
y (A.2), we have s* — [zo 79_1”5 + <79+rs'“9 + s )} = g,d1 ( I;P/ )7 or
/1
ngf‘rs( — MG) Is P! (TH‘H'S fo + Tg+7' ) + 2o To+Ts SO/k’l

20 = —
0 1 F
7-9“1’73 To+Ts
So it follows that lim zp = —®~! (M> Thus, under the limit o5 — 0 for a given 7y, we have
Os—

6* = s* and limOVL (s%505) = (D(s*) = 1) [* (sl ¢ (2)dz = (D(s*) — 1)-%. Similarly,
Og— - F

writing the RHS of (A.1) as VI (s*;0,), we have limOVR (s*505) = A~ (1 - %) Therefore,

Og—>
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(7) is proved. Clearly, (7) has a unique solution s* and hence a unique equilibrium. Note that an
equilibrium s* must satisfy the conditions 0 < 2 “D/ ¥ <1and D(s*) > 1.

Second, we prove that a creditor rolls over When his signal is higher than s* and otherwise
withdraws. Denote by s** the threshold used by an individual creditor and by s* the threshold
used by other creditors of the same bank as well as by creditors of other banks. Writing the LHS
minus the RHS of (A.1) as 1% (s*h; s*, lg, 05), we obtain

Y (D(6) — 1)dd (ei(#s ki >)

0i=0 \/‘rg -i—Ts

_(_To _Ts _ oxh
— [9=0 Ad® <61 (tmrot mime")

174 (S*h; s*, g, 0’5> = . (A.3)

6;=—o00 1
Te+Ts

» 0wy e T : . . 1 (0 —p/k
where 6* = 0* (s*) is given by the implicit function s* = * + o,®~! (TW

), implying that 6* is
an m(:reasmg function of s*. An individual creditor h takes s* or 0* as given. It is easy to obtain
> 0 and g‘i <0 at ( = 5%, 5*) with V (s*h; s*, g, 05) = 0.

as*h

By changing variables to z = =2 with= =

F TeTfT “9+79+T
Te+Ts

+oo A *
/ o% = [D (\/ngz—i_ > z)dz — /\/”}?A ¢ (2)dz p. Define V (s*) := (D(s*) — 1) #_

1
To+Ts

A (1 — %) Clearly, V(s*) = limof/ (s*h = s*;s*,ue,as). A symmetric equilibrium under
Ts—

s*M we obtain V (s*h; ERNTPR 05) =

os — 0 is given by V (s*) = 0, which is equation (7). Note that function V(s*) on the LHS of (10)
is a linear transformation of V (s*), that is, V(s*) = 1V (s*) + 1. Hence, equation V (s*) = 0 is
equivalent to equation V(s*) = 1.

Next we prove the comparative statics. It is straightforward to show that % > 01in (9). As

for 95 > 0 in (7), (7) corresponds to equation V(s*,¢) = 0 and we have g;z = dzgf*)is*_]f/k +
%(D( ) —1+A4) >Oand%:(D(s*)—1—|—A)( l/k) < 0, and thus %i: ‘g‘;

Finally, we show that a stable equilibrium corresponds to d‘g(i ) > 0 at the equilibrium solution

v (s*)

s toV (s*) = 0 and an unstable equilibrium corresponds to =5+ < 0 at the equilibrium solution

*h = s*,s*), it is a stable equilibrium if and only if dvg* ) >0 s

s*. At an equilibrium point (s

satisfied. This is because

N

dV (s*) >O<:>‘7<S*h+A73*+A> _f/<3*h,s*) > 0 for a small A >0

ds*
o OV v os™  ov/jost
ds*h  9s* ds* OV /Osh ’

by noting that 8Vh > 0 and 8‘1 < 0. Similarly, at an equilibrium point (s*h = s*,s*), it is an

unstable equilibrium if and only if dvgi*) < 0 is satisfied. As V(s*) is a linear transformation of
V(s*), a stable equilibrium also corresponds to 8V(‘i*) > 0 at the equilibrium point s* and an

oV (s)

unstable equilibrium to =55~ < 0 at the equilibrium point s*
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Proof of Proposition 1: Write the LHS of (10) as function V'(s*; ug, k), where

V(s*; g, k) = {; [s* — P <S;0M9>/k] } D(S*);HA. (A.4)

It is easy to show that

BV(as,#e,k) {1 —¢ <s*7u9> 1 D(s*)A—H—A L1 [S* _ (s*;;m)/k} le),

F L) kog
OV (s*;pe.k *— D(s*)—14+A
el — {3 [ Lo (ke ) [ )} P8 > (A5)
8V(5;l§€ﬂ97k) _ % b (S*U—gﬂe)/kQ] D(s*)&1+A > 0.

By (A.5), when s* is sufficiently higher or lower than py, 1—¢ <m> > 0 and hence w > 0.

When s* is at an intermediate level close to jig, it can be % < 0 and thus V (s*; py, k) can be
non-monotonic in s*. Because there can be at most only one continuous interval around iy in which
w < 0, the non-monotonic curve of V(s*; uy, k) is “N”-shaped in s* (i.e., increasing first
and then decreasing before increasing again). So V(s*;p, k) = 1 can admit one or (generically)
three solutions with respect to s*.

i) When £ is high enough, M > 0 also holds for any s*, so V(s*; ug, k) = 1 admits a
unique solution with respect to s*

When gy decreases, the curve V(s*; ftg, k) shifts downward in Figure 5. When i is low enough,
the curve V(s*; iy, k) intersects the horizontal line V' = 1 only once for any &, so V(s*;uy, k) =1
admits a unique solution with respect to s*.

ii) Consider a sufficiently high py such that the curve V (s*; g, k) could intersect the horizontal
line V' = 1 more than once for some k. A decrease in k not only increases the curvature of
V(s*; g, k) but also shifts the curve V(s*; py, k) downward by w > 0. Hence, when £k is
sufficiently high or sufficiently low, V(s*; uy, k) = 1 admits a unique solution with respect to s*.
When £ is not too high and not too low, V(s*; g, k) = 1 admits multiple (typically three) solutions
with respect to s*.

iii) Consider a sufficiently low & such that w < 0 at some s* (i.e., V(s*; ug, k) is non-
monotonic with respect to s*). Considering that the curve V(s*;py, k) shifts downward as py
decreases, V' (s*; ug, k) = 1 admits multiple (typically three) solutions with respect to s* when puy is
not too high and not too low and a unique solution when p, is sufficiently high or sufficiently low.

iv) Based on the result in the proof of Lemma 2, at a stable equilibrium 82(?) ~ 0. Because
%;Z’”k) > 0 and w > 0, it follows that @Z = g‘éég’;" < 0 and 83 = _% < 0.

. . 0
Considering ¢ = ® (8 ) it follows that < 0and g7 <O0.

Proof of Lemma 4: The proof is straightforward and hence omitted.

Proof of Lemma 5: Plugging (14) into (15), it follows that

. i s** o +m s —
Swf/ (1—0)0i.d¢<02’u9>:/ c-d@(el “9>, (A-6)
S 0;=—00 g6 Oi=s* 70
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g6

where np = (1 — ¢) (@ <M) -9 (%)) When ¢ = 0, the equilibrium reverts to the baseline
model. Consider ¢ > 0. For a given (s*,¢), the LHS of (A.6) is increasing in s**. Therefore,
when c is sufficiently high such that ¢ {1 - o (S _”9)] (1—c [fe oo Ui d® ( : “")}, we have

the corner solution s** = s*, and thus n = 0, [; = 6; for all 4, and I = 1; otherwise there is

a unique solution s** € (s,s*), where the lower bound s is the solution to I]s**:§ = +00 or
—(1-¢) ((I’ (%) - <%)> /k = 0. After obtaining s**, we can find I (), I, [(-), and 1.

Proof of Proposition 2: The equilibrium solves the system of equations (A.6) and (18).

1) The effect of k. First, we show that (A.6) gives 852“0) > 0, % > 0, M < 0, and

< 0. For (W) > (), we prove by contradiction. Suppose an increase in s* leads to n«p decreasing,
Wthh 1mphes that s$** must be increasing by nep = (1 —¢) <<I> (M) - o (S = )), then the

g9

LHS of (A.6) is increasing in s*. This forms a contradiction because the RHS of (A.6) is decreasing

in s*. After obtaining 8g;<f) > 0, we prove that (A.6) also gives gsﬂ > 0. Suppose an increase

in s* leads to I decreasing, which implies that s** must be decreasing to maintain equality in
s —(np)/k
8**

(15). This forms a contradiction to % = by considering that we have proved 86(;;?) > 0.

We turn to proving W < 0 by contradiction. Suppose an increase in k leads to (n¢) /k
increasing, which implies that ne must be increasing, which then implies that s** is decreasing

by ng = (1 —¢) (@ <S**7/~69) - d (M», then, on the LHS of (A.6), both w and s**

g9 g9
are decreasing, so equality in (A.6) cannot be true, which forms a contradiction. After obtaining
o(ne)/k)
ok

(18) gives W > 0, smnlar to the proof for 95" > 0 in (7). Also, a change in I caused by a

> 0, We also have S < 0, with a similar logic as earlier. Second, it is easy to show that

change in s** affects D( *), but the effect is small under a sufficient condition that o, is big enough.
Third, combining the two steps above yields the feedback loop: W < 0 and “LZ/’“) >0
in (A.6) and 8((77<p)/k) > 0 in (18). The loop is similar to the one in Lemma 3 and Proposition 1.

Overall, 2 8k < 0, M < 0, and 8k < 0.

2) The effect of c. (A.6) gives % < 0 and % < 0, which can be proved by contra-

diction as in 1). Write the LHS of (18) as V (s*;¢) = C+(1_C)[SI;_(W)/H : [)(s*)A_HA, implying
OV (s*ic) _ [1-(s* *}gn@)/k)} D(s* c) 1+A | C+(1*C)'(§;*(7I¥>)/k)%aﬁ((;:c)' Note that s* — (ne) /k < 1 by

dc
o et (1—c)-(s* —(W) 9D(s*;¢)
considering that 7 5

[k) < 1; moreover, is positive or a small negative number by

noting that it can be I > s* when c is not large. Overall, % > 0 when c is not large. Hence,
by the implicit function theorem, % = 8‘/(5 ic) / 6V (s%5c)

8V(S ) > (see the proof of Lemma 2). So (18) gives W > 0 and ds < 0. Thus, (A.6) and
(18) together form a feedback loop: W < 0 and % >0 in (A.6) and W > 0 and

% < 0in (18). Hence, 2 8C <0, W < 0, and % < 0. A change in ¢ has a direct effect on s*
through % 83* <0 by (18) and also an indirect effect on s* through the combination of W <0
by (A.6) and 8((7790)/,6) > 0 by (18), that is, %~ < 9= < 0, where % denotes the total effect.

Write the LHS of (18) as V (s*;¢, k) = c+(1_c)[‘}_(n¢)/k] . D(s*)A_HA, where 7y and T in D(s*)
are endogenous and given by (A.6) and (17). Figure A1l plots equation V (s*;¢,k) = 1 under a set
of parameter values py = 1.6, 09 = 0.6, F = 0.6, R =1.1, 0, = 0.2, and A = 0.6. Under the same
set of parameter values, Figure A2 plots comparative statics in Proposition 2, where k = 0.28 in

< 0, noting that at a stable equilibrium
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the left panel and ¢ = 0.003 in the right panel.

Liquidity holdings of banks affect systemic runs through three channels. First, banks rely
less on the asset market to fetch liquidity to accommodate creditors’ early withdrawals and hence
expectations about the aggregate market condition become less important. Second, the liquidity
holdings of peer (strong) banks enter the asset market and provide a cushion for the downward-
sloping fire-sale prices determined by risk-averse outside investors. The market depth k is in effect
increased. The effective market depth can be expressed as k = k /n > k based on (13). Third, the
asset market condition can be more sensitive to expectations. Specifically, a higher s* corresponds
to more demand for liquidity coupled with less supply — two joint forces (see (15)), in contrast
to the baseline model in which a higher s* corresponds to more demand (¢) but no change on the
supply side. The forces of the first two channels make expectation-driven equilibrium multiplicity
less likely whereas the force of the third channel makes it more likely. We see in Figure Al that
the curvature of V (s*;¢, k) can be higher under higher cash ¢ than under lower ¢ in some regions
of s*.

1.25 1.5
—— k=024
L — k=027
1.2 L
2 14 k=0.30
115 — k=033
: 1al —— k=036
K
V 12F
1.05
1.1
1
J 1
0.95 1 /
0.9 1 o9
0.5 L . ‘ . ‘ ‘ 08 . ‘ . . ‘
0.8 1 1.2 14 1.6 1.8 2 08 1 1.2 1.4 1.6 1.8 2
* *
S S
Figure Al. Equation V (s*;¢, k) = 1.
08t 1 osl
s* 0.75
0?57 L 1 1 L 1 L L ] 07 L 1 L L 1
1 15 2 25 3 35 4 45 5 024 0.26 0.28 03 0.32 0.34 0.36
107
0.26F 1 03
0.24} 1
n) /e 022t 1o
() [k ool 1 02
0.18 .
‘ . . ‘ . ‘ ‘ 01 ‘ . ‘ ‘ .
1 15 2 25 3 35 4 45 5 024 0.26 0.28 03 0.32 0.34 0.36
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c %107 k

Figure A2. Comparative statics in Proposition 2.
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Proof of Proposition 3: Due to the complexity of the general-equilibrium nature of the model
with many endogenous variables, we focus on characterizing the economic forces behind the com-
parative statics, show that the result holds under some conditions, and confirm the result by the
simulation exercise for a large parameter space. The logic of the proof is as follows. In the first
step, suppose the interbank market is closed (i.e., banks that realize stronger fundamentals and
thus face fewer interim withdrawals hold their liquidity, rather than supplying liquidity to the asset
market) and calculate the net amount of excess liquidity II. In the second step, let the interbank
market open and examine how the equilibrium changes to clear the asset (interbank) market, and
evaluate the effect on np.

We start from the first step. Consider the special case of a simple binomial distribution of
G (-) to illustrate the intuition. Specifically, assume ¢; € {cA, cB } with equal probability for each
realization, that is, half of the banks have a higher amount ¢ of liquidity (type-A banks) while
the other half have a lower amount c? (type-B banks), where ¢ > ¢P. Then (24) becomes

3 [ A 9 —s* (CA) de (9_7“9) +cP 0*3‘;*(03)0@ (9 Me)}
1 [fa )y, ap (252 ) oo (Lt “9)}
Now consider a mean-preserving spread: ¢; € {c¢* + A., ¢® — A.}, where A, > 0. When A, — 0,
I (e + A, ? — A) =TI (c?, ¢P)

_ %Ac (Pr(6: > 5" (")) = Pr (6 > 5 (7)) + 3

additional amount A, more likely remain in banking system

where Apa = <_8887cc> cr19¢(8 (e)— > _A.Ac and App = ( 38860)019 <s (0)— Na) . WA

Under the sufficient condition that k is high enough, the indirect effect of {¢;} through ¢ on s*
is small relative to the direct effect of ¢; on s* in (22). The first term in the second line of (A.7)
is positive by s* (cA) < s* (cB ) The second term is also positive under certain conditions. First,
when (pg, k) is in the region such that the crisis is severe with pg < s* (cA) < s* (cB ), it follows

*( A\ _
that ¢ <S(CU)“9> > ¢ (();@) and consequently A,4 > A,p when oy is small enough, by

[4

noting that the force of _656(0) is dominated by the force of ¢ (79“9) when oy is small enough.

Second, ¢4 > ¢P while s* ( ) < s* ( B), which implies that the difference between ¢ + s* (CA)
and cP + s* (cB ) can be small, and the force A,4 > App dominates when oy is small enough, so
(45 5 (4)) Bga = (¢ +5° (P)) Ay > 0.

The economic intuition is as follows. When the crisis is severe (i.e., pg < s* (CA) < s* (CB )),
it is optimal to give an additional amount of liquidity to relatively cash-rich banks rather than
to relatively cash-poor banks. The additional amount of liquidity can significantly increase the
survival probability for the latter type of banks while increasing little that for the former type (i.e.,
Apa > App). Moreover, the additional amount is more likely to stay in the banking system (rather
than end in depositors’ pockets) because the relatively cash-rich banks have a higher probability of
surviving in the first place.
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Consider the general case. Denote Ag (¢;) = ¢ [1 - (Wﬂ and Ap (¢;) = T'(s" (¢;)) =
s*(cs) 0,dd (9 ug) and A (¢;) = As (¢;) — Ap (c;). Hence,

0;=—00

;A‘;CECZZ — [1 By (Wﬂ +1c7; [(Z <W> 0—19 <_d8:lc(;i))]

IAD\G) (ci sle) Zpg) L (4 L

orie) i J(s(*<>w>f+ << o j}p () o ()]
dc; ol 70 70 e

To show dAd(Q i) > 0 is to show 8%?) L2 agifj") L for ¢ > ¢P. Tt follows that
IA () _ 0A(a) o () —mo\ ol () — g
ac; ci=chA ac; c;=cB oy} gg

o (e [o (o) & (~522)] )

Tl {(Ci + 5% (c;)) [Gb (78*(62)_“9> - (_dsdic(c))}}

where the first term is positive, and the second term is positive if py < s* (cA) < s* (cB ) and oy is
AZ (ci)
Oc2

c;=cA

c;=cB

small enough. Similarly, > 0 when oy is sufficiently small. Consider two distributions G’ ()

and G (-), where G’ second-order stochastically dominates G*. Then, S* and II = SL—D” are
both higher under G" than under G, while D¥ can be higher or lower under G" than under G .

We proceed to the second step. When ¢ is small enough, s** is below s*(¢;) for all ¢;. The

L_pL *k
market-clearing condition (21) can be rewritten as % = SL, where I = s**f’(w with

e = | [cp (%) — 9 (%“9)] dG(c;), and DY, = [ [fe ) ;4P (9 #9)} dG(c;), meaning
the aggregate value of assets that are absorbed by outside investors. For given {s* (¢;)}, both DJ’%/[
and I are decreasing in s**. Thus, the change in the distribution of ¢; from G’ to G”, leading to
ST increasing more than DY, requires an increase in s** (and hence a decrease in D]@, I, and nyp)
L_nL

to maintain equality in D7Dt — ST when regularity is guaranteed under some parameter values,
considering that I > 1. The simulation exercise confirms that the result in Proposition 3 holds true
for a large parameter space. Figure 7 is an example.

Proof of Lemma 6: To solve the equilibrium analytically, we first obtain E# 10;,1 ( | 0;, l)

By, 0, (-] 0:) and then, by applying it to ., 0,05 (st = By, s <EM9|9“S? (16;, Z)‘ Sh) (the law

7
of iterated expectations), have the following result: By, 0./t (| sh) = B, s (E uplo; (] 0i )| sh), with
which to calculate (27).

Recall the information (signal) structure: pg ~ N (ﬂg,O’i = Tugl) 0; = pg + 0gd; with §; ~

N(0,1), and sh = 0; + osel with € ~ N(0,1). The information structure is a hierarchical one:
o — 0; — 5 that is, 6; is a signal about Ly and s is a signal about 6;. We prove the result

Bypast (151) = oot (Bpglo, (16051 (A.8)
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where “” denotes a function with two variables ; and p,. The proof has two steps. To simplify
notation, consider a general case of the hierarchical information structure x — y — s, where y is a
signal about x and s is a signal about y. First, it is easy to prove that E,, , (-|y,s) = Ey, (| y),
that is, in the presence of signal y, signal s is redundant in inferring x. Intuitively, information
{y} is a sufficient statistic for {y, s} in inferring z. Second, by the law of iterated expectations,
By ys (-] ) = Byjs (Bayy,s (|4, 5)| s), which, by substituting the result By, s (+|y,s) = By, (+|y)
from the first step, yields B, i (- s) = BEys (Byyy (| y)’ s). Hence, (A.8) is obtained.

Applying the law of iterated expectations to (27) with using the result in (A.8) yields

g, s [Ee*wi ((D(8:) — 1) - 1¢, 5¢r

0i)] s} = s } = By [Emgi (A-1g, 4]00)| sl = S*h} |

where 0" = 0% (s*, py) is given by 0" = 0" (s*; ¢ (s, 119)) defined after (26). This implies that

By,jor | (D(0:) = 1) - Pr(8; > 0°10,)] 5" = 5| =By, [(A-Pr(6; < 0°]0,)]sF = "],
that is,
o oo (D(B:) = 1) - Pr(6; > 6% (5%, 119)]0)) - f (6i]s*") b (A.9)
= Jor 22 o (A-Pr(8; < 6% (s*,119)] 6:)) - f (0:]5™) b,
*h) = /T ei_((TieJrTlG) rhetTe S*h) : — 1 1 -
where f (6;|s*") = VT'¢ VT with I' = 1/(m +7,) +Ts, by considering

91|S*hNN((%+L) FM9+T5I115*h,111).

1) 7o
1 1 \—11~ 1 %
Gi_((%"ra) 1FM0+7'SFS)
1/VT

Plugging in s** = s*, by changing variables to z = , the LHS of (A.9),

denoted by F (s*;05), becomes

= [ (o (T (o s de)) ) et

05" i)~ (4 20 g )

x __ THe 7O . x _ _d—1(s"=p/k . o s*—p
where 2* = s . Because Uljgoz =—-o ( 7 ) with o = @ (709 8)
(the proof is similar to that of Lemma 2), we have limoz* € <—@_1 (%) ,—01 (#)) and
st =@ (S22
lim Pr(z >2*2)=Pr|z >-o! I z
1 for z € [—*1)*1 (s*}l/k> ,—i—oo)
= § P (g 26— g (R = PO ()] 2) or 2 e (<01 (5) —0 1 (S524))
0 for z € (—oo, o1 (%)]

As hm Pr(z > z*|z) is continuous and increasing in z, for simplicity we write lim Pr(z > z*|z) =

0'34’ Og—>
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Pr(pg > s* — 9@ (k(s* — F®(—z)))| z). Then, taking the limit o, — 0 on F (s*;0,) yields

+o0o
T o) = =1 [ P s -0 (s - PR (-2)[2) 6 () dz
{ [s* —0g® ! (k(s* — F® (—2)))] }

Tre To *
T \T oPe T 7 —_—
- oE)-n[ el ittt lt) b(2)d

1
Tug +To

. ~ Tpeg  + To * 1
where the second equality follows because pg|z ~ N Tratra o + e i

Similarly, we can work out the RHS of (A.9). Overall, equation (29) is obtained. It is easy to verify
the results for the extreme cases of o, — 0 and o, — +0c in Lemma 6.

) under o4 — 0.

Proof of Proposition 4: Write the function on the LHS of (29) as V/(s*;7,,). The monotonicity
of V(s*;1,,) for the case o, — 400 remains for the case of high enough o, , and the monotonicity
of V(s*;7,,) for the case 0, — 0 remains for the case of low enough o, > 0.

Proof of Corollary 1: Write the LHS of (29) as function V(s*,0,,). Consider the case of
parameter values under which there is a unique equilibrium (e.g., k is high enough; see Proposition
1). The unique equilibrium is stable. Based on the proof of Lemma 2, a stable equilibrium

oV (s* 1l .
corresponds to % > 0 at the equilibrium solution s* to V(s*,0,,) = 1.

Then consider the extreme o,, — 0, so we have the equilibrium in Proposition 1 (only with 1,
replaced by fig). In this case, clearly, when iy is high enough, the unique equilibrium s* satisfies
s* < [ip (see, e.g., the numerical exercise in Figure 5). For such a high enough [y, we slightly
increase o, above 0 and have

212 [ey’]
8V(s*,au0) o 40 %(s*,aue,z) {“f(gue/”e) } d D(s*)—14+A
Jopy - f—oo ¢ 2 2 ¢(2) z A
(Gug/do) (ng/ve)
1+ (o /70)” 1+ (ong/70)”
((”“0/“9)2 )
2
+ (8%, 0u,,2 (8%, 00,,2 I4+(opy/o D(s*)—1+A
T e T e O R e e A TR
(Up,e/ag) , < (‘7#9/‘70) >
1+ (ong/70) 14+ (g /)

* — -1 * o o 1 s*—[ig : _
where s (s*,0,,,2) = @' (k(s* — F®(—2))) T < o ) The first term is nega
tive and the second term approaches zero when o, — 0.3% Hence, under the sufficient condi-
tion that o, is close enough to 0, W < 0. By the implicit function theorem, 628* =

OV (s*,ou,) 0V (s*,0uy) " "
- 80;9#9 / 857* == > 0.

The following is to provide further insight on how aggregate uncertainty affects the amplification
mechanism. Denote by s} the threshold used by creditors of bank 7 and by s* the threshold used by

30The second term under 0uy — 0 can be simplified as lin% fj;o 1] (%) z¢ (z+a)dz = 0.
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creditors of all other banks. Then, the equilibrium in Lemma 6 is characterized by the fixed-point
problem between s and s*, given by the two equations:

' { [ — 0g® (k (s} — F® (~2)))] } '
/+OO oy B (Tug-i-Teue + Tue+798i> ¢ (z)dz D(Sj)_—l—i_A =1 (A.10)

1
TH9+T(9

Z=—00

*

and sf = s*. In fact, to obtain (A.10), the proof of Lemma 6 needs to be revised slightly. That
is, (25) is changed to w = <5:0_89 ) with lim go(s*,,ug) = <I>( 9“‘9>, which defines 0* =

0% (s¥; ¢ (s*, 1g)). Then, limoz* = -0 1 <M) with ¢ = & ( “‘9> and limOPr(z > 2 z) =
Ts—

Os—
Pr (2 > (szq)(s;eue)/k)

(T;U«@}jng fig T#;im sy, m91+70> under o; — 0. So (A.10) is obtained.
Write the LHS of (A.10) as functlon V(s*,s Z,(IM)) It is easy to calculate and verify that

< 0 and a - > 0, and also T— > 0 when s} < piy under the sufficient condition that o, is

z) =Pr(py>s*—op® t(k(s] — FO (—z)))| z), where fiy|z ~

8\/

Close enough to 0. The solution w1th respect to s} to equation V(s*,s Z,am)) =1 glves the (best

response) function s =r (s ,Jug) By the implicit function theorem, g L

the slope 51 is lower for a higher o, at some relevant points (candidate equlhbrla) (s ,SE=s )

Proof of Corollary 2: We make an additional assumption: n is decreasing in ¢. For simplicity,
assume n = ¢~ # with > 0. In this case, based on Lemma 1, k = p=? - kg, where kg = 1/ (702).
Based on the proof of Lemma 6, the equilibrium equation (29) is revised as

i e *
(Tua +roko T 7 +"'9 s )
1

/+oo . — |5 = oo 1([ko<s — Fo(=2))] 75 )|
1

Tug+To

D(s*)—1+A

¢ (2)dz

Z=—00

2=—00 1
Tug+To

Write the first term on the LHS as ¥ (Z’Uue) = [T & (W) ¢ (z) dz, where T (Z’Uue) =

1

* * - * oV (z,0
<Tu9+79'“9 L S ) - [5 —0p®~! ([ko (s* = F® (—z))|+5 )} It follows that (7#:9) =

8”(2’0“0) 9 /—I
fjoooo é (\”/(z,alﬂg)> \/8%19 ¢( )dz + z*—oo(é (W) (_1) ﬂfziig) \/67;3:70 ¢(z) dz.

TugtTe
The first term is the mean channel and the second term is the variance channel. Under the sufficient
condition that fiy — s* is close to 0, the first term is small. We focus on the second term and show
that the second term is more likely to be negative when g is higher. First, we show that (z, Uue)
is concave in z in a larger range of z when g is higher. In fact,
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Pz = 0007 ([ho (57— 10 (<)) gl lho (57— F@ (=)™ (ko9 () > 0
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I leZi) = g0 (fho (5"~ Fo (-0 ) [ o~ Fo (-2} (o (-2)

, (ks (s - ) B (57 = PO (=2)] 77 - (ko Fo (—2))°
—1 B = +6 \1+8
bont ([ (5 Fo (=) ) B R @ )

where ﬁ <ﬁ - 1) < 0. Second, consider the general case f;;ofoo o) (”Efz)) 7 (2) dz, where 7 (2) is
increasing and concave, with the range of 7 being (—oo, 400). It follows that f;:o_ooo 10} ( @) 7 (2)dz =

oo 10) (%) ydr~! (y) > 0 under the sufficient condition that o is low enough, by considering

y=—00

dr=1 (y) /dy > 0 and d*>7~! (y) /dy? > 0. Third, when - 1+Tg is small enough, the sign of the sec-
o
ag s g s g 8 T : T
ond term in %’H”") is determined by the sign of f;r_ofoo o <(Zl’")> (1) (Zyl no) OV ;19+ b dz
4 - TurtTn Lo
TuptTo TrgtTo

so the sign is more likely to be negative when  is higher.

Proof of Corollary 3: Based on equation (29), for a given o,,, when oy is small enough or large
enough, there exists a unique equilibrium; when oy is in an intermediate range, multiple equilibria
can exist. Hence, fixing o, and letting oy start from oy = 0" and increase, there exists a critical
value 09 = o below which the equilibrium is unique. So around (0'# o> J;), we can find the case such
that when both o, and oy increase slightly and there is a tiny decrease for o, /09, the equilibrium
switches from uniqueness to multiplicity.

Proof of Lemmas 7 and 8: The proof is straightforward and hence omitted.

Proof of Proposition 5:  The expected utility for the outside investor sector is given by nl& [U(W7)|{l;}] =
. N2 2

—nexp (—Vf(h(ei —1;)di + 572(;2 (f qidz) ) = —nexp (—’y ((anyp) /k) - (aw) + %7202 (oczw) ) -
—n exp (—% (v/k) £ (any) ), by considering 0; — l; = (any) /k, n [ ¢;di = any and k = n/ (yo?).
Also, B (i (6:) [6; € (s™,5%)) > 1 (6 = 5) = =7 > B (8;0; < s™) /T. AndY (Q1, Q2) = (g + 0)—
(amp)2 /k. Due to the complexity of the general-equilibrium nature of (35) with many endogenous
variables, we show the existence of cases i) to iii) under the same set of parameter values. The
simulation exercise confirms the existence for a large parameter space. The tradeoff between ()
and ()2 in reducing inefficient fire sales is discussed after Figure 11.

Function Y (Q1, Q2) is continuous in @1 € (0,Q) and in Q2 € (O Q) for a low ). Hence, the
optimization problem (35) has solutlons in a closed set Q1 € L(S , where ¢ is an arbitrarily
small positive number. Note that 2 Q is decreasing in )1 and is relatlvely less sensitive to (2.
When (py, k) is in the region such that ¢ = ® (T) is hlgh enough 0¥/ 00

$OV/0Q21(Q1,02)=(Q1.0-Q1)
> 1 at any @1 € [0, Q], so the optimal allocation is (Q1,Q2) = (Q,0). When (pg, k) is in the region

such that ¢ = ® <m) is low enough, 0Y/001 < 1 at an; € [0,Q], so the
v o0 B V00|, qa)=(@1,.0-01) v Qe al

optimal allocation is (Q1,Q2) = (0,Q). When (uy, k) is in the region such that ¢ = @ (5*0_79“9> is

9Y/0Q1
Y /0Q2

=1 and the
(Q1,Q2)=(Q1,Q—Q1)

in an intermediate range, there exists 1 € (0, Q) such that
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optimal ()7 is typically unique.

A minor complication is that when (g, k) is in the region such that ¢ = ® <%> is low enough

(case ii), function Y (@1, Q2) exhibits a discontinuity at Q)2 = 0 due to the normal distribution of
0; ~ N(ug,02); in fact, based on (15), when ¢ = 0, s** = —oo; when ¢ = 0T, s** > 0. However,
because around this discontinuity Y (Q1,Q2 = 0) < Y (Q1,Q2 = 01) is true, the optimum Q3 = Q
in case ii) will not change after taking into account this local discontinuity.

Proof of Corollary 4: Based on Propositions 3 and 5, the conclusion is easy to obtain.

B Additional Results

B.1 Equilibrium at t = 0 with Endogenous Liquid Asset Holdings

In this subsection, we endogenize liquid asset holdings, study the optimal level of liquidity holdings
for banks, and address the question of whether individual banks’ choice is socially optimal. Our
paper is the first to study this question in general equilibrium in a global-games framework.3!

We study the ex ante problem at ¢ = 0 of the baseline model. Specifically, no longer assume
that the asset side of the balance sheet of a bank is exogenously given. Rather, a bank makes a
portfolio choice (¢,1 —¢) at t = 0, where ¢ denotes the amount of liquid asset holdings (“cash”)
and 1 — ¢ denotes the units of risky assets. The liability side is still given by (F,1 — F).

With the above setup, our model endogenizes ¢ (as well as R). We study the decentralized
equilibrium for individual banks and the social planner’s constrained problem, in order.??

Decentralized Competitive Equilibrium. The decentralized competitive equilibrium at
t = 0 consists of the following two elements:

(i) Taking the fire-sale price function [ (-) and the interbank return I at ¢ = 1 as given, an
individual bank 7 chooses its optimal ¢;, subject to its creditors’ participation.

(ii) Given that all banks choose the same ¢ in symmetric equilibrium (i.e., ¢; = ¢ for ¢ € [0,1]),
the market equilibrium determines [ (-) and I.

In other words, the competitive equilibrium is characterized by a fixed-point problem between

¢ and <l () v ) We proceed to find the competitive equilibrium in two steps, corresponding to

elements (i) and (ii). To reduce notational clutter and without causing confusion, we drop subscript
1 for the bank index in notations unless otherwise specified.

31 Barly works not using the global-games approach either assume that banks face exogenous idiosyncratic liquidity
shocks and do not model the run probability (e.g., Bhattacharya and Gale (1987), Allen and Gale (2000)) or they
assume corporate liquidity shocks instead of studying run risk (e.g., Kara and Ozsoy (2020)). A few recent works that
use the global-games approach are partial-equilibrium models; for example, Vives (2014a) and Carletti, Goldstein,
and Leonello (2020) treat all banks in the system as having the same fundamentals and Ahnert (2016) studies two
banks without considering the welfare of the asset buyer sector and assumes an exogenous debt contract. Liu (2016)
studies heterogeneous banks but focuses only on the planner’s choice.

32To examine the ex ante problem, for simplicity we can choose parameter values (i.e., some (g, k)) that guarantee
a unique equilibrium ex post at ¢ = 1 (see Proposition 1). In this case, emergence of multiple equilibria ex post
can be interpreted as the outcome of an “unexpected” shock (to p, or to k) as in Kiyotaki and Moore (1997) and
Allen and Gale (2000). Alternatively, following the literature (e.g., Jeanne and Korinek (2018)), in the case of the
existence of multiple equilibria ex post, agents have a view ex ante on which equilibrium will be selected (e.g., the
least-efficient equilibrium under the most pessimistic views with Knightian uncertainty in the spirit of Caballero and
Krishnamurthy (2008) or the most-efficient equilibrium by anticipating the intervention of the government).
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Step 1: Find an individual bank’s optimal choice of ¢ for a given (f (), 1 >

If an individual bank i chooses (¢,1 — ¢), what are its creditors’ rollover strategy and par-
ticipation condition? Given that the creditors anticipate [ (-) and I, the rollover threshold s* is
determined by (18). The participation condition (IR) for a creditor is given by

5 . 7 L +oo R R
[0 Ol e (M) s [ bgemyae (M) < B
0 0

i =—00 g9 i =s* o9

~
in the case of bank failing at t=1 in the case of bank surviving to t=2

where the exogenous Ry is the reserve return of lending for bank creditors. In (B.1), recalling Figure
3, two of the payoff cases are on the equilibrium path, while the other two are off the equilibrium

path. Equations (18) and (B.1) jointly give the mapping (c, (i() ,f)) — (s*, R).

An individual bank’s optimal choice of ¢ is therefore given by the program

¢ = argmax /: [(1—c)l}+c}.dq><9i—ﬂe>+/6+°° [(1—0)9i+cf]-d<1><0i_ﬂe>

c i =—00 g i =8* g9
in the case of bank failing at t=1 in the case of bank surviving to t=2
s.t. (16), (17), (18), and (B.1). (B.2)

The objective function in (B.2) is to maximize the bank’s equity value. This is equivalent to
maximizing the total value of the bank (i.e., its debt value plus equity value), because the creditors
of a bank, in total, claim a constant residual value, FRy.>> As for the constraints, the bankowner
anticipates the liquidation price rule (16) and the interbank return (17) and takes into account
creditors’ response (18) and (B.1).

Denote by Y (¢) the objective function in program (B.2). The first-order condition is

dl_aY85*+8l_
de  9s* Oc de

0. (B.3)

The tradeoff is as follows. Holding more cash reduces the probability of a run ex post and thus
the chance of forced fire sales, which is the gain. On the other hand, holding more cash wastes the
valuable investment opportunity as the risky asset has a higher expected return, which is the loss.

Step 2: Find the equilibrium (Z () T ) for a given ¢ chosen by all other banks.

Suppose all other banks choose c¢. The market equilibrium then determines (s*, (s**,{l;}, 1), ¢, R),
which in turn determines (i (+) T ), that is,

asset prices)
creditor run)
IR of creditors))

aggregate liquidation)

(B.4)

o~ o~ o~ o~

33To focus solely on the friction we are interested in, we assume that a bank’s choice (¢, 1 — ¢) is observable by or
contractible with its creditors. This means that R is contingent on ¢, so the bankowner fully internalizes the impact
of his choice of ¢ on the debt value and thus maximizes the total value of the bank.

96



Note that (B.4) is essentially Proposition 2 together with the participation condition (B.1).

By symmetric equilibrium across banks, we have
c =c (B.5)

Constrained Second-Best Equilibrium. In the constrained second-best equilibrium,
the social planner chooses (¢,1 — ¢) on behalf of individual banks. She takes the fire-sale price
function [ (-) and the interbank return I as endogenous and recognizes that the choice of (¢,1 — ¢)

endogenously impacts ([ () v ) Her optimal choice of ¢ is given by

¢*SB — arg max feil_oo {(1 —c) li + c} -dd (9 “*9) + fe o ¢)0; + cI] - d® <9 0u9> ]
‘ E [U(W7)[{l:}]
s.t. (13) to (15), (18), (B.1), and (12), (B.6)

where E [U(W7)[{l;}] = —exp (—%7 (np)? /k) =Y, is the expected utility for the outside investor

sector.>* In program (B.6), the objective function is to maximize the aggregate value of the entire
banking sector and the outside investor sector in general equilibrium.?® The former includes the
first term (the failing banks at ¢ = 1) and the second term (the surviving banks at ¢t = 2), and the
latter corresponds to the third term in the objective function. Program (B.6) contains constraints
(13) to (15) as well as (12), which endogenously determine the asset prices, while program (B.2)
does not. The constraints of program (B.6) give the mapping ¢ — (s*, (s**,{l;},I), ¢, R).

Denote by Ys (c) the objective function in program (B.6). Clearly, Y; = Y +Y,, where Y,
defined before (B.3), is the objective function in program (B.2). The first-order condition is

Y, OVds oY y Y dI Y,
dY, oY ds* 0 (8 d (n) 3d>+3 dme) _ g (B.7)

de — 9s* de + dc d(nyp) dc I de d(ny) dc

where the first two terms have counterparts in (B.3), the third and fourth terms are the indirect
effects through endogenous prices (Z () i ), and the last term is the effect on the expected utility

of the outside investor sector.

We see a key difference between the two first-order conditions (B.3) and (B.7). Namely, 3% in

(B.3) is determined by the constraints of program (B.2), while £ in (B.7) is determined by those
of program (B.6). To grasp some intuition, let us look at one constraint — equation (18) for the
creditor-run equilibrium, rewritten as C+(1_C)'l(5 ). Dl )_HA =1, where [ (s*) = s* — (n¢) /k. For
individual banks, s* is a function of ¢ while (ngp) /k is exogenous which gives %‘5 In contrast, for
the social planner, discount (1) /k is endogenous and is a function of ¢ and hence a change in ¢

has an additional indirect effect on s* through 7y, and the total effect corresponds to Cili

Under certain conditions, ¢* < ¢*¥B. That is, individual banks’ optimal level of liquid asset
holdings in the decentralized equilibrium is lower than the constrained social optimum.

Intuitively, individual banks do not internalize that a higher level of liquidity holdings of their
own has a positive effect on other banks — it reduces the run probability of their own and thus low-

34 For simplicity and without loss of generality, we normalize n = 1 (the mass of outside investors) in this subsection.
35 Mas-Colell, Whinston, and Green (1995) give a definition for a welfare function of an economy in which different
types of agents can have different preference functions. Weights for different types of agents can be different.
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ers the pressure on the fire-sale price discount in the asset market, thereby making other banks less
likely to suffer runs and consequently reducing inefficient fire sales in the system. More concretely,
when asset prices enter the constraints of the optimization problem of private agents, pecuniary
externality that operates through asset prices can arise (e.g., Ddvila and Korinek (2018), Brun-
nermeier, Eisenbach, and Sannikov (2013)). Specifically, in our model, a wedge exists between the
two first-order conditions (B.3) and (B.7), due to two sources of externality. First, as discussed
earlier, % in (B.3) is different from %in (B.7), corresponding to “collateral externality” in Ddvila
and Korinek (2018). Second, sellers (banks) are risk-neutral while buyers (outside investors) are
risk-averse in our model. The difference in MRS causes “distributive externality” as in D&vila
and Korinek (2018). Overall, under the sufficient condition that the effect of the first externality

dominates, it follows that dd}f > %l = 0, which implies ¢* < ¢*55.
C=C C

Finally, our model can also address two other questions. First, if the government cannot commit
to avoiding ex post interventions in the asset market, what happens? In this case, individual banks
would hold less liquidity ex ante in the decentralized equilibrium. In fact, equation (B.4) will be
adjusted as in (34). The government’s liquidity support ex post will absorb a fraction of sold assets
in the secondary asset market. The liquidation prices will hence be raised and the run threshold
s* will decrease, and consequently individual banks have incentives to hold less liquidity ex ante.
Second, it is easy to extend the study in this section to the case with aggregate uncertainty. In
fact, this involves two changes. The participation condition in (B.1) becomes

+o0 s* 1-— Zz 61 — oo 91 - — [
/ / (L —c)li(pg) +¢ . dPd Ho +/ D(0;; R) - d® il gg (Ko He ) Ry
po=—00 JO;=—00 F o 0;=s* g9 O g

in the case of bank failing at t=1 in the case of bank surviving to t=2

}c:c*

and the ex post creditor run-asset market equilibrium at ¢ = 1 becomes (29).

B.2 Alternative Creditor-Run Payoff Structure

First, we show that our model results are robust under the full payoff structure in Figure B1 below.

Total calling proportion A € [0, %) Total calling proportion A € [%, 1]

(bank survives) (bank fails)
1-52) !
Hold min | R, a=NF Vi 7—A
l;
Call 1 =

Figure B1. Full creditor-run payoff structure.

If A€o, %), the bank needs to liquidate %)‘ units of its assets to raise cash to pay its F'A calling
creditors. Thus, at t =2, 1 — % units of assets remain. Since the number of staying creditors at
t =21is (1 —\)F, these creditors’ total notional claim is (1 — A) FR. Hence, a staying creditor

min|(1-N)FR, (1= 52 )v,] . [R, 15

will have a realized payoff =N F A=yFYi at ¢ = 2, as in Diamond and
1—EA
Dybvig (1983). Notice that by setting A = 0, the payoff min {R, (1/\13]},%} becomes min [R, %], SO
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Figure B1 becomes exactly the same as Figure 3.

Under the payoff structure in Figure B1, we prove that (7) is replaced by

o o/h (1_ F)\) .
F X s*—p/k % S —QO/IC
E ek e = st | =1 an=(1- 22 A B.
; min | R, A=W F v | | s < = > (B.8)

where v; ~ N(6;,02). Notice that if we set A = 0 inside the integral, (B.8) becomes identical to (7).
We show that under a sufficient condition the following key property of (7) in Lemma 3 preserves
for (B.8): %5; > 0. Therefore, the results of the model change only quantitatively, not qualitatively.

Proof: Under the alternative payoff structure in Figure B1, (5) is replaced by

(1_FA(tl9i;s*)) 0. ( 9 Jp— s*)

+oo : i T\ T MO T s

0;=0* E | min R, m’l}z |91 —11d® ( 0 \/ - 0 >
TotTs (B.9)

I P (i Gt il
60;=—o00 \/ 1 ?
Te+Ts
where l; = 0, —p/k, X (0;;s*) = ® (S*a_fi), v; ~ N(0;,02) and 0;|s* ~ N(Z e+ 558" TeiTs).

Combining (B.9) and (4) into one equation and using the same method as that in the proof of
Lemma 2 of changing variables of the integral, we can transform the combined equation for the
limiting case of o5 — 0 into (B.8).

Next, we prove that (B.8) retains the property %—i < 0 of (7). Write (B.8) as A(s*,p) =

ok | ' (1-=227) s —o/k e A
Jo T E | min | R, in |0; =s* | — 1] d\ — (1 -=£ )A = 0. This implies 55 =
[ - -
ok Ok (min |:R,((i_/\;i,,ﬂc>v¢:| |91> s*—p/k O min R»(i_A)Lp]:/}qu‘:|
Jo T a0, ditfy T |B B~ ;= s | | dA+
j FA fi=s
1—— .
(—%) + £A, where (1‘17)_\)“}/'“ € [0, +] for A € [O, %} The first term is positive because the

(1-+27%)

distribution of Syl under a higher 6; has first order stochastic dominance over that un-

(=)
s*—p/k

der a lower 6;. In the second term, % > 0 and, therefore, the second term is positive
under a sufficient condition that o. is small enough which ensures Pr(v; < 0]0; = s*) is small
enough. The sum of the third term and the fourth term approaches 0 when A — 1. Overall,

% > 0 under a sufficient condition that o, is small enough and A is close enough to 1. Similarly,
1— _FA
O min |:R7(S‘P/k)vi:|

Oy

s*—p/k
9N _ (TF
dp fo B

0; = s* d\+ I/Tk + (—%A) and g—g < 0 under a suffi-

cient condition that o, is small enough and A is close enough to 1. Hence, by the implicit function
theorem, it follows that %—f; = —gﬁ/gﬁ > 0. Q.E.D.

Second, we show that our model is robust under the alternative payoff structure of Rochet and
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Vives (2004). As in Rochet and Vives (2004), each creditor of a bank is an institutional investor
(a fund), run by its fund manager. A fund manager has the following compensation scheme. If the
fund manager calls his fund’s investment at ¢ = 1, his payoff is a constant wg, or the face value 1
multiplied by proportion wqg. If, instead, the fund manager holds the investment at ¢ = 1, he will
obtain compensation w conditional on his fund’s investment not defaulting (i.e., the investment
return is no less than R), where w > wy. Hence, the payoff structure is as given in Figure B2.

Total calling proportion A € [0, %) Total calling proportion A € [%, 1]

(bank survives) (bank fails)
Hold w- d (fr)e—0nrn 0
(17£A> Oe
Call wo wo

Figure B2. Alternative creditor-run payoff structure.

If XA e [%,1], a creditor run occurs and the bank fails at ¢ = 1; its staying creditors get
nothing and thus their fund manager’s compensation is 0 because of the default. If A € [0, %), the
bank must liquidate %)‘ units of its assets to raise cash to pay its F'A calling creditors. Thus, at

t=2,1- % units of assets will remain, the payoff distribution of which, conditional on 6;, is

2
(1 — %)\) v; ~ N (1 — %’\) 0;, (1 — %) o2 ]. Since the number of staying creditors at ¢t = 2 is

(1 — X) F, these creditors’ total notional claim is (1 — X) F'R. Hence, the probability that the bank

. . . [ (=R)e—a-NFR
will not default to these creditors at ¢ = 2 conditional on 6; is ® d .

Eos
o - gtk (1o )s"—(1-\)FR
Under the payoff structure in Figure B2, (7) is instead replaced by [, © @ - d)\ =

(1fﬁ)\)ae

%0 It is easy to prove that the following key property of (7) in Lemma 3 remains: %—f; > 0. More-
over, Proposition 1 still holds, and thus all the results carry through.

Similar to Figure 3, we can follow Morris and Shin (2009) to simplify the payoff structure of
the creditor-run game in Rochet and Vives (2004), which gives Figure B3.

Total calling proportion X € [0, %) Total calling proportion A € [%’, 1]

(bank survives) (bank fails)
Hold w- @ (4EE) 0
Call wo wo

Figure B3. Simplified alternative creditor-run payoff structure.

Under Figure B3, (7) is replaced by li(g"F:s*) cwd <5*_5R> = wp, where [; (0; = s*) = s* — ¢/k

loa

by (2). It is easy to show that the property %—f; > 0 is preserved.
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