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Abstract

During a financial crisis, when investors are most in need of liquidity and accurate prices,
hedge funds cut their arbitrage positions and hoard cash. The paper explains this phenomenon.
We argue that the fragile nature of the capital structure of hedge funds, combined with low
market liquidity, creates a risk of coordination in redemptions among hedge fund investors that
severely limits hedge funds’ arbitrage capabilities. We present a model of hedge funds’ optimal
asset allocation in the presence of coordination risk among investors. We show that hedge
fund managers behave conservatively and even abstain from participating in the market once
coordination risk is factored into their investment decisions. The model suggests a new source
of limits to arbitrage
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“One fund-of-funds manager says he rushes to be the first out if he suspects that others may
desert a hedge fund. ... If managers [of hedge funds] worry that clients will bail out, they may try
to raise cash in anticipation.”

Economist, October 25, 2008, pp. 87-88.

1 Introduction

In the financial crisis of 2007-2009, hedge funds reduced their exposures to risky investments and
increased their cash holdings very quickly. The Economist estimates that between July and August
2008 alone, the industry’s cash holdings rose from $156 billion to a record $184 billion, equivalent
to 11% of assets under management.! The reallocation toward cash seemed to be in anticipation of
unprecedented pressure for redemptions from investors. In fact, the hedge fund industry experienced
record levels of redemptions during the third and fourth quarters of 2008. In the first half of 2009,
investors continued to pull money out of hedge funds. Ironically, redemptions appear to have been
self-reinforcing. A report titled Hedge Funds 2009 by the International Financial Services London
Research (IFSL) says:

Hedge funds faced unprecedented pressure for redemptions in the latter part of 2008, with
investors withdrawing funds due to dissatisfaction with the performance or to cover for even greater
losses or cash calls elsewhere. This in turn led to forced selling and closures of positions by
hedge funds causing a cycle of further losses and redemptions. Some funds were not able to meet
withdrawal requests so were forced to suspend redemptions, as selling illiquid assets would have

damaged the investors that remained.

In this paper we ask why hedge funds, with a reputation for being aggressive investors seeking
high returns, hold significant amounts of cash in their balance sheets. And, why do they quickly
increase their cash holdings (hoard liquidity) when a crisis strikes? One would think that it is
precisely during times of high uncertainty and high volatility that arbitrage opportunities are

greater.? Why then do hedge funds become much less aggressive in exploiting price distortions and

! “Hedge funds in trouble: the incredible shrinking funds,” Economist, October 25, 2008, pp. 87-88.
*Mitchell and Pulvino (2011) and Krishnamurthy (2010) provide convincing evidence that, during the recent

liquidity crisis, arbitrage opportunities were pronounced in debt markets.



pass up profit opportunities?

In their quest for arbitrage gains, hedge funds also perform the important social role of enforcing
market efficiency. From a social welfare point of view, it is not optimal that hedge funds allocate
large fractions of their portfolios to riskless securities, instead of pursuing arbitrage opportunities
in risky assets. Holding cash is synonymous with imposing limits on arbitrage. With insufficient
arbitrage trading, financial markets can wander off erratically and risk falling into a vicious cycle
that goes from lower price informativeness to less liquidity and back, a process of continued deteri-
oration that can prolong a financial crisis. Thus, to analyze a modern financial crisis it is necessary

to understand the reasons that hedge funds limit their arbitrage activities.

So far the finance literature has associated the limits to arbitrage with investor uncertainty
about the fundamental value of the assets held by arbitrageurs. According to Shleifer and Vishny
(1997), when investors do not understand or observe perfectly arbitrageurs’ trading positions, they
can react with their feet after observing poor performance. Understanding that poor performance
can cause redemptions, hedge fund managers refrain from making investments that might lose

money in the short term, even if a profit could be realized in the long run.?

In this paper, we offer an alternative explanation for the limits of arbitrage. We highlight
investors’ concerns about coordination risk (i.e., the uncertainty about what other investors might
decide to do), instead of about fundamental risk. One key feature of the capital structure of hedge
funds is the fragile nature of their equity. Equity capital in hedge funds can be redeemed at investors’
discretion, a feature somewhat similar to demand deposit-debt in banks.? The fragile equity capital
in hedge funds introduces the risk of coordination among hedge fund investors. The coordination
risk arises because investors suspect that other investors might redeem, and to meet redemptions

the hedge fund may be forced to liquidate positions at a loss. If investors suspect that, after

3Gromb and Vayanos (2002) build on the intuition of Shleifer and Vishny (1997) and show that margin constraints
have a similar effect in limiting the ability of arbitrageurs to exploit price differences. Abreu and Brunnermeier (2002,

2003) use synchronization risk to explain market inefficiency.
4Tt might seem that, because of the lock-up period clause, the equity in hedge funds is not fragile. In practice,

however, hedge fund managers are reluctant to use lock-up periods and early-withdrawal penalties because these
might signal a lack of confidence in their trading strategies. More problematic, hedge funds with lock-ups in place
often grant side deals to ‘special investors’ (see Brunnermeier, 2009; and Stein, 2005). Indeed, evidence shows that

few hedge funds, only those with the strongest records, can lock money in for long periods.



liquidating positions to satisfy early redemptions, the hedge fund would be left with insufficient
equity, a clear advantage exists to being a first mover. Then, even long-horizon investors could
decide to withdraw, resulting in a vicious cycle of redemptions and asset sales that can trigger a
disorderly collapse of the hedge fund. This risk of coordination must be taken into account by
prudent hedge fund managers, who limit their arbitrage activities and hoard cash both to honor

redemptions at little cost and to reassure concerned investors.

We use global game methods to model the asset allocation decision of a hedge fund that is
subject to the risk of a run by its investors. We start by considering the benchmark case with no
coordination problem. A random number of investors is assumed to redeem early for exogenous
reasons. The random amount of the early redemptions requires the hedge fund to decide how much
cash it needs to hold ex ante. The hedge fund’s trade-off is between lower potential liquidation
costs if it holds more cash, and a higher return if it invests more in risky assets. This trade-off
gives an optimal level of cash holdings. In the presence of coordination risk, however, we show that
hedge funds choose to hold more (i.e., excess) cash. Coordination risk affects the optimal level of
cash in a fund in two ways. First, the fear of a possible run makes a greater number of investors
redeem even if they do not face liquidity shocks. To satisfy redemptions at minimum cost, hedge
funds optimally choose to hold more cash. Second, cash holdings have a direct impact on investors’
decision to withdraw and, consequently, on the probability of a run. Naturally, the probability of

a run is decreasing in the cash holdings.

In sum, the source of the limits to arbitrage in our paper is market illiquidity and the unstable
nature of the equity capital in hedge funds. We emphasize the friction of investors’ uncertainty
about the actions of other investors in the fund, i.e., the liability side of the balance sheet, while
in Shleifer and Vishny (1997) investors are uncertain about the asset side of the balance sheet,
i.e., asset quality. Limits to arbitrage due to coordination risk are particularly likely in financial
crises, when market liquidity is low and coordination problems are severe. We believe that a
fuller explanation for the limits to arbitrage requires that the two motives triggering investors’

redemptions be taken together.

It is interesting to contrast the behavior of hedge funds with that of banks before and during

the financial crisis of 2007-2009. Before the crisis, on average, hedge funds operated with much



lower leverage ratios than banks.” During the crisis, hedge funds also reduced their exposures to
illiquid assets more quickly and more drastically. Fig. 1 shows that banks switched systematically
to cash holdings only after the collapse of Lehman Brothers in September 2008, much later than
hedge funds. We argue that the different investment and financing policies are due in part to
differences in the nature of the capital structures of the two types of institutions. Equity in hedge
funds is fragile, because it can be redeemed at the request of investors, while equity in banks is
locked in permanently, because it cannot be tendered back to the bank for redemption. The fragile
nature of the equity (and debt) in hedge funds creates an effective market-disciplining mechanism.
It induces hedge funds to behave conservatively, by holding less risky portfolios and operating
with less leverage. This difference may help to explain why hedge funds survived much better than
banks when the initial mortgage default crisis produced unexpectedly large dislocations and turmoil
in financial markets in 2007-2009. Many observers were surprised by the fact that hedge funds,
typically regarded as the riskiest segment of the financial markets, were much more resilient than
banks. Our paper helps to explain this phenomenon: The fragile capital structure of hedge funds

encourages micro-prudence, but it also curtails arbitrage trading, leading to macro-unsoundness.
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Fig. 1. US commercial bank cash ratio increased

drastically only after September 2008.

Source of data is Federal Reserve HS.
Figure is from Morris and Shin (2009).

Our work relates to a large literature on bank runs. Gorton and Winton (2003) provide an

excellent survey. Gorton (2008) discusses in detail the panic runs in the recent crisis. The setup

5 At the beginning of the crisis of 2007-2009, the hedge fund industry as a whole had a ratio of assets to equity of
1.8, compared with more than 20 for investment banks (Economist, October 25, 2008, pp. 87).



in our model is similar to that in Diamond and Dybvig (1983). The difference is that we assume
that the size of early withdrawals is ex ante random, and this allows us to study the optimal cash
holding problem of a hedge fund. In general, a bank-run game has multiple equilibria, but we
resort to global game methods to solve for the unique equilibrium. In this respect, our paper is
close to the work of Goldstein and Pauzner (2005), but the purpose and the scope of the two papers
differ.® We study the optimal cash holdings in the balance sheets of hedge funds, while Goldstein

and Pauzner study the optimal liquidity provision of banks.

A panic run can be driven by liquidity concerns or by concerns about solvency (see the discussion
in Brunnermeier, 2009). In our model, the realization of large early withdrawals forces a hedge
fund to liquidate positions in illiquid markets at reduced prices, and this triggers a run. In contrast,
the run can be driven by fundamentals, as in Goldstein and Pauzner (2005). Bad fundamentals
leave little asset value for investors who withdraw late, and this causes an immediate run. In the
recent financial crisis, capital markets experienced many runs triggered for liquidity reasons, rather
than for fundamental reasons. There were runs on many financial institutions that appeared to
have adequate regulatory capital before they collapsed. Even so, investors ran, worried that the
financial institutions had insufficient liquidity to meet massive early withdrawals and that assets

would have to be liquidated at a deep discount.

Our work also relates to Chen, Goldstein, and Jiang (2010). They find that mutual fund
outflows are significantly more sensitive to poor performance for funds that invest in illiquid assets.
This insight is similar to our result that market illiquidity potentially generates a panic run on
high-end financial intermediaries, such as hedge funds and mutual funds. Compared with their
work, we explicitly model how hedge fund managers factor into their ex ante investment and
financing decisions the ex post panic run. In the same vein as Shleifer and Vishny (1997), Stein
(2005) argues that open-ended funds, as a result of competition, could be suboptimal, because their
investments are limited by the occurrence of early withdrawals in response to poor performance.

Our emphasis is on the mechanisms that curtail arbitrage. Our focus on coordination risk differs

5The global game methodology has been used in various contexts. For example, Rochet and Vives (2004) also use
global games to study bank runs. Other applications include currency crises (Morris and Shin, 1998; and Corsetti,
Dasgupta, Morris, and Shin, 2004), contagion of financial crises (Dasgupta, 2004; and Goldstein and Pauzner, 2004),
and market liquidity (Morris and Shin, 2004; Plantin, 2009; and Plantin, Sapra, and Shin, 2008).



from the arguments presented in these papers. In a banking context, Morris and Shin (2008) also
argue that cash held by a debtor bank can lower the threshold of coordination among creditors to
not withdraw. They do not formalize the argument, however, which we develop further by studying

the ex ante optimal asset allocation decision of hedge funds and the limits to arbitrage.

The paper is organized as follows. In Section 2, we first describe the model setup. Next, we solve
the optimal asset allocation for a hedge fund, without and with the coordination problem facing
the fund’s investors. After that we analyze the model’s implications and predictions. In Section
3, we generalize the model and discuss some broader issues of relevance to financial markets. In

Section 4, we provide remarks and conclusions.
2 The model

We present the model in this section.

2.1 The setup

We use a model with four dates: Ty, T1, 11, and Ts. All agents are risk-neutral. There is no
2

discount factor between 77 and T5.

2.1.1 Hedge fund

Consider a simple setup of a hedge fund that depends on investors for funding. The investors are
the limited partners of the fund. The fund begins at Ty and ends at T5. Investors have the right to
redeem their investments at an intermediate date, T7. We assume that the total amount of assets
managed by the fund at Ty is 1, that there is a continuum of investors with measure 1, and that each
investor contributes 1 unit of capital. We model the liquidity risk of the hedge fund’s liabilities
as follows: Each investor in the hedge fund is either an early investor or a late investor. Early
investors are investors who, despite initially having the intention of staying for a long time with the
fund, end up redeeming their investments at T for reasons that we leave unspecified but that could
be related to consumption, portfolio allocation, or other financial emergencies. The probability

that an investor is an early investor, depending on the state of the economy, is ex ante a random



variable, uniformly distributed with support A € [0, A], where 0 < XA < 1. Then, in aggregate, the

ex ante proportion of investors who end up as early investors is given by the random variable A.

At Ty, the hedge fund needs to make an asset allocation decision: How much capital X should
be invested in cash (C)? The remaining capital, 1 — X, is invested in illiquid assets (A*). The
cost of investment per unit of the illiquid assets at Ty is 1. We assume illiquid assets have a (gross)
return of R at Tb, without any uncertainty, where R > 1. However, if illiquid assets are liquidated
early, at 77, they are sold at a discount, where the discounted price at fire sale is a (per unit), with
0 < a < 1. Fig. 2 shows the hedge fund’s balance sheet. Notice that there is no leverage, only

equity. We discuss a levered hedge fund later.
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=

Fig 2. The hedge fund's balance sheet

2.1.2 Investors

At T% , uncertainty about the investors’ status is resolved. At that time each investor knows whether
he is an early investor or not, but no investor knows the status of other investors. Nevertheless, late
investors receive signals about the state of the economy or the aggregate number of early investors
(M\). More specifically, late investor 4’s signal is A = X+ €', where € is a uniformly distributed
variable with support [—¢,€]. € is independent from € for i # j. In most of our analysis, ¢ is
assumed to be arbitrarily small: ¢ — 0, which is a typical setup in applications of global games.
Further, at T% , investors are perfectly informed about the cash position X as well as about the
market depth, a. The fund’s position in cash can be known either because the fund discloses this
in a regular letter to investors or because many investors in hedge funds are themselves professional

investors with access to the management of the fund. Usually, a hedge fund is very cautious about



disclosing trading strategies or positions in specific assets, but it does not object to disclosing

allocations in general asset classes.

At T% , all investors need to decide whether to stay in the fund until 75 or to redeem their shares
at 717, in which case they inform the fund about their decisions. All early investors have to redeem.
A late investor might decide to redeem if he thinks that many other investors may redeem, because
too many withdrawals force the hedge fund to liquidate illiquid investments at a cost. It is the

coordination problem among late investors that we want to study in this paper.

Let us consider the payoffs of an investor, whether an early or a late investor, from redemption
and nonredemption. Suppose that the aggregate number of investors that redeem at T3 is given by

s, where 0 < s < 1.

The payoff function of an investor that redeems is

1 Hf 0<s<X+(1-X)
wh(s) = ( ) (1)
XN X 4 (1-X)a<s<1

s

Note that, in Eq. (1), investors withdrawing their shares at T} receive a fraction of the hedge
fund’s net asset value. At T% , when investors give the fund notice of their redemptions, the hedge
fund’s mark-to-market net asset value is 1, not the amount X + (1 — X )« shown in Eq. (1). This is
because the hedge fund possesses cash reserves, and as long as it has not started to liquidate illiquid
assets, the mark-to-market value of the fund is 1.7 Investors that withdraw are paid based on a
proportion of this initial mark-to-market value of the fund, 1. However, if too many withdrawals
occur, the hedge fund must liquidate illiquid assets after it exhausts its cash balance, X. The
sale price of the illiquid assets is only «, less than 1. When this happens, the realized value of
an investor’s share of the assets is lower than his claim. To fulfill early investors’ claims, the fund
has to liquidate part of the late investors’ shares of the assets. The fund might have to sell all

assets at 77, in which case late investors are left with nothing. This first-mover advantage of early

"We can assume that, when the hedge fund sells its illiquid assets, the fund faces a special downward-sloping
demand curve. Specifically, the market can absorb just a tiny amount of the assets at a price of 1. After absorbing
that amount, the price drops to o and the demand curve becomes perfectly elastic with constant price . Therefore,

before the sale, the mark-to-market value of the fund is 1, but at liquidation it becomes X + (1 — X)av.



withdrawals, due to discounted prices at fire sales and the first-come, first-served right to cash
flows, is the fundamental reason for a run on hedge funds and on mutual funds (see the discussion

in Brunnermeier, 2009).

The payoff function of an investor that does not redeem at time 77 (but stays) is

(X—s)+(1-X)R

1 if 0<s<X
_X)_s=X
wi(s) =4 2R i X <s< X 4 (1- X)a - (2)
0 if X+(1-X)a<s<l1

In Eq. (2), when the aggregate number of investors that redeem at T3 is less than X, the
fund does not need to liquidate any long-term illiquid assets. Thus the value of the fund at T5 is
(X —s) + (1 — X)R. However, if the aggregate number of investors withdrawing is higher than X,
the fund must sell some of its illiquid assets at T7. The number of units of the illiquid assets that

s—X

need to be sold is *—=, where s — X is the amount of cash short to satisfy redemptions. If the

number of withdrawing investors exceeds the total liquidation value of the fund, X + (1 — X)a, the

hedge fund is completely liquidated and nothing is left after 77, the third line in Eq. (2).

We define the difference between the payoffs of not withdrawing at time 77 and withdrawing as

Aw(s) = w¥(s) — wh(s). Fig. 3 shows the payoffs w”(s) and w't(s), and Fig. 4 shows Aw(s).
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Fig. 3. The payoffs of staying and redeeming
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Fig. 4. The difference between the payoffs of not withdrawing and withdrawing

As in Diamond and Dybvig (1983) and Shleifer and Vishny (1997), we assume that the hedge

fund is not able to replace redeeming investors with new investors.®

Fig. 5 summarizes the timeline.

O @3 ®© ®
| | | |
T=0 172 1 2

(1) The fund decides its asset allo cation.

(2 The investors get informed o f whether they are early or late investors. The late investors
recetve signals regarding the total number of early investors.

(2 Each investor decides whether to stay or redeem. If redeeming, he gives a notice to the
fund.

@ The fund repays the investors who redeem. It liquidates its illiquid assets if necessary.

& The final payofts of the long-term assets are realized.

Fig. 5. The timeline

8This assumption can be justified with moral hazard or adverse selection arguments. In line with Diamond and
Rajan (2000, 2001), only incumbent investors having one period of experience can monitor the fund manager or
understand the true performance of the fund. The new investors cannot. Mitchell and Pulvino (2010) find empirical

evidence supporting this assumption.
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2.2  FEquilibrium

In this subsection, we solve for the equilibrium and determine the optimal asset allocation for the

hedge fund.

2.2.1 Benchmark case: no coordination problem among hedge fund investors

In the benchmark equilibrium, we assume that there is no coordination problem for late investors.
All investors that inform the fund at T% of their decision to redeem at T are genuine early investors.
Late investors do not withdraw. We work out the optimal amount of cash holdings of the hedge

fund by backward induction from 71 to Tj.
2

Following the setup in Shleifer and Vishny (1997), the hedge fund’s objective is to maximize
the fund’s total equity value at 75.° This objective is consistent with a hedge fund manager’s
maximizing the value of assets under management. The final value of the fund is an indicator of
the fund’s performance and affects its future capacity to raise funds. If the redemption shock A is
small and the cash holdings X are sufficient to cover investors’ withdrawals at 77, the total equity
value of the fund at T» is (X — A) 4+ (1 — X)R. By contrast, if the redemption shock A is greater
than X, the fund has to liquidate mm{%, 1 — X'} units of the illiquid assets and the equity value
at This [(1 - X) - 2XJRif 1 - X > 22X [or A < X + (1 — X)] and zero if 1 — X < 2=X [or

«

A > X 4 a(1— X)|. Therefore, the expectation of the fund’s equity value at 75 can be expressed as

min[A,X+(1-X)a)]
(X — X))+ (1 — X)R]d\ + / [(1—X)—22]RdA}. (3)
X

X

Wi =+ [

0

The hedge fund manager chooses an X at Ty that maximizes the expected value of the equity at
To: M )?:cWI (X). In this maximization problem, the trade-off is between the return on investment
and the cost of liquidating illiquid assets. A higher X reduces costly sales of illiquid positions in

case the redemptions are unexpectedly large. Yet, a higher X wastes investment opportunities and

9Under the alternative assumption that the hedge fund’s objective is to maximize fees on assets under management
plus a performance incentive, “2%+20%,” the results of the model do not change qualitatively, only quantitatively.

But the model would be harder to solve analytically.
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forgoes the high return R in case the redemption shock is small. The trade-off leads to a unique

optimal value for the cash holdings, X™*.

Theorem 1 If0 < X\ < = the optimal amount of cash holdings is X* = @X. The fund

(2 ST
survives any redemption shock \ € [0, 7], where A < X* + (1 — X*)a. If ol i Bo—a)—T < A < 1, the

optimal amount of cash holdings is X* = %. The fund survives if the redemption shock lies

within A € [0, X* + (1 — X*)a] C [0, A], where X* + (1 — X*)a < .

Proof: See the Appendix.

2.2.2 Equilibrium when there is a coordination problem among hedge fund investors

When the cash holdings, X, do not exceed the realized redemption shock, A, a costly sale of illiquid
assets is unavoidable. The fire sale depresses the fund’s net asset value and potentially causes a
run by investors. The fund manager anticipates this possibility of a run and rationally takes it into

account when deciding the fund’s cash balances.

Again, we solve the equilibrium by backward induction, from T 1 to Ty. In the first step, we
work out investors’ decisions at T1 for a given cash balance X. In the second step, we go back to
2

Ty and solve for the fund’s optimal cash holdings X by taking into account the investors’ responses.
2.2.2.1. Investors’ decision at T given the cash holdings X
2

At T, late investor i’s decision rule can be characterized as a map: (A, X) —— (Withdraw,
2

Stay), where (A, X) is the information set of investor i and (Withdraw, Stay) is his choice set.

We need to work out investors’ decision rules that form an equilibrium. We first examine late
investors’ strategies when the state of economy A is extremely low or extremely high. We have the

following two extreme cases.

First, there exists a lower dominance region of A € [0, A\L), in which staying in the fund is the
dominant strategy for late investors. To obtain the lower dominance region in the bank-run game,

we follow Goldstein and Pauzner (2005) and modify the technology for a very low \. Specifically, we

13



assume that when the proportion of early investors (the state of the economy) X falls within [0, A¥)
(where A\ is close to zero), there is no discount in the sale price of the illiquid assets, i.e., a = 1.10
With this modification, we can conclude that if a late investor knows that X is in the region [0, \L),
he does not run, no matter his beliefs about other investors’ actions. This is because if there is
no discount, early withdrawals do not erode the late investors’ shares. Thus, late investors do not
suffer any disadvantage if they wait until 75 to withdraw. In most of our analysis, ¢ is taken to
be arbitrarily close to zero, so late investors are sure that \ is in [0, \L). Staying is therefore their

dominant strategy.

Second, using the result that s* = X + (1 — X)% solves the equation w(s) = w?(s), we
define AV = s*. Then, an upper dominance region of A € (AU,X] exists, in which withdrawing
is the dominant strategy for late investors. The reason is as follows: When A > AV, there are a
sufficient number of redemptions by early investors, and, consequently, even if all late investors
choose to stay, the payoff of a late investor if he decides to redeem early is higher than the payoff
if he decides to stay on. If a late investor is sure that A > AV, he should redeem no matter his
beliefs about the actions of other late investors. As ¢ is taken to be arbitrarily close to zero, late
investors are informed when A > AV. Therefore, if A is in the interval ()\U,X], withdrawing is the
dominant strategy for late investors. In our model, we show that it is not optimal for the hedge
fund to choose cash holdings X such that X + (1 — X )% > X. Therefore, the condition X > AV

is always true in our model. That is, the upper dominance region ()\U,X] exists.

For the intermediate region of \ € [)\L , )\U], late investors’ decisions depend on their beliefs about
the actions of other late investors. The signals regarding A form their beliefs. Our main interest is
in the threshold-strategy equilibrium in which a late investor’s strategy depends on the signal he re-

ceives. Specifically, the threshold-strategy equilibrium is the equilibrium in which every late investor

. Withdraw A" > \*(X)
sets a threshold \*(X) and uses the threshold strategy (\*, X )— , , such
Stay A< AN(X)

10Using A to represent the state of the economy has the following meaning: A low X indicates that few investors are
in need of withdrawing (funding liquidity) because the economy is doing well. Presumably, these are also times when
the level of market liquidity is high and « is consequently high. Implicitly, we are assuming that funding liquidity and
market liquidity are positively correlated when the state of the economy is bad. This is consistent with the empirical

evidence.

14



that, given that all other late investors set the threshold as A*(X), it is optimal for a particular

late investor to do that. We prove that there is a unique threshold equilibrium for our model.

We use global game methods to solve for the unique threshold equilibrium. Note that we do
not consider equilibria other than the threshold strategy in this paper. With the assumptions made
before about the existence of the two extreme dominance regions of A, it is possible to provide a

proof, as in Goldstein and Pauzner (2005), that the threshold equilibrium is the only equilibrium.!*
The equilibrium result is summarized in Theorem 2.

Theorem 2 The model has a unique threshold equilibrium. In the equilibrium, a late investor

redeems if, and only if, his signal is above the threshold \*(X).

We prove the theorem in several steps.

First, suppose that every late investor uses the threshold strategy and sets the threshold as
A*(X). We want to determine the total number of investors (both early and late investors) that

decide to redeem at T3 for a given realization of X\. Given the realized A and the threshold \*, the

proportion of late investors that run equals /\+§7;>\* Hence, the total number of investors redeeming,

denoted by s(A, \*(X)), is

A A< A(X) =€
SO, A (X)) =4 A4 (1= n)MHe X if A (X)—e<A<A(X)+e - (4
1 if A > A5(X) +e

When A* —e < X < X +¢, s(A, A*(X)) has two components. The first component represents
redemptions by early investors, and the second one represents redemptions by some late investors

who change their minds and decide instead to redeem early.

Second, after the late investor receives the signal A* his posterior distribution of X is uniform in
the interval [Ai —e, N €]. Therefore, the investor’s expected net payoff of staying versus redeeming

is

"1n fact, it has become a standard result in the global game literature [see Morris and Shin (2003) for a discussion
of Goldstein and Pauzner’s result] that the threshold equilibrium is the only equilibrium for a bank-run game as long

as the noise of the signal is uniformly distributed.
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] Nite
T AT) = L / Al (5)

Third, the marginal late investor who receives the threshold signal A* is indifferent between
redeeming and staying. Therefore, m(A\*, A\*) = 0. That is,

A +e

% Aw(s(A,A*))d\ = 0. (6)
A —e

As previously pointed out, in our model we focus on the case of an arbitrarily small e: ¢ — 0.
This assumption makes the model tractable and helps to highlight the main insights of the paper.
When ¢ — 0, fundamental uncertainty disappears, while strategic uncertainty remains unchanged
(see Morris and Shin, 1998). In our context, from the marginal late investor’s perspective, A falls
within [A\* — ¢, A" + ¢]. When € — 0, the uncertainty associated with the first element of s(A, \*)
disappears while the uncertainty related to the second element does not. As a whole, s(\, \*) is
uniformly distributed in the interval [A\*,1]. Fig. 6 illustrates the idea. When ¢ — 0, the curve

between points A and B, which depicts function s(A, A*), becomes a straight line.

s(h, 2)
F 3
1 B
A -8 A
' >
A A A

Fig 6. s as a function of &

Given the uniform distribution of s(\, A*), we can rewrite Eq. (6) as

/1 Aw(s)ds = 0. (7)

A*
From Eq. (7), we can solve for the unique \*. Geometrically, A* corresponds to the point in

Fig. 7 that equates the shaded area below and above the x-axis.
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Fig. 7. The equilibrium

Finally, to show that \*(X) indeed forms a threshold equilibrium, we need to show that a late
investor i receiving a signal higher (lower) than \* prefers to run (stay): w(AY, A\*) < 0 (7(\, \*) >

0). In fact, from late investor i’s perspective, \ is uniformly distributed in the interval [\ —e, A" +€].

If A\¥ > \*, then as ¢ — 0, s(\, \*) is uniformly distributed in the interval [A" 4 (1 — )\i))‘i;:‘* ,1]
and has positive probability mass at 1. This is equivalent to taking a slice from the positive part
of the shaded area above the x-axis in Fig. 7 and adding it to the negative part of the shaded area.

Hence m(A\%, \*) < 0. A similar argument applies when A\* < \*.

In the proof of Theorem 2, we have shown how to find the threshold A*(X). We now need to
determine the parameter conditions that ensure that A*(X) exists. Theorem 3 establishes sufficient

conditions for the existence of \*(X) as well as for A*(X') being on the right of X (i.e., \*(X) > X).

Theorem 3 If (R—a)+ Z(1—a)log(l—a) >1—a and A\ > X + (1 — X)a%R__al), there exists a
unique A*(X) and \*(X) > X.

Proof: See the Appendix.

In addition, we want to make sure that A*(X) increases in X: The higher the cash balance, X,
the higher is the threshold that late investors run. We find the necessary and sufficient conditions
to guarantee that A*(X) increases in X. In our model, however, Aw(s) is not strictly monotonically

decreasing in s. Finding the conditions is not trivial.
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Theorem 4 \*(X) is an increasing function with respect to X when glog(%) < loga (where b

solves (B —1)(a —b) + £(1 — @) log(1=%) = —aloga).!?

«

Proof: See the Appendix.

As we have obtained the unique threshold and because ¢ — 0, we conclude that all late investors
run if A > \*(X) and none runs if A < \*(X). Therefore, the total number of investors redeeming
their investments from the hedge fund can be expressed as

A i A < A(X)

s(\) = ‘ . (8)
1 if A > M (X)

2.2.2.2. The fund’s optimal cash holding decision at Tj

We now go back to Ty and look at the hedge fund’s optimal cash holding decision when a run by

investors might occur. To save space and simplify the analysis, we focus on the case A > %.

For the case A < %, the main results do not change.'3
We analyze two regions of X, in order: X € {X |X + (1 — X)O‘(Ri:;) < A} and X € {X

R
IX+(1-X )% > A}. In the first region, X is low and the only equilibrium is the threshold

equilibrium. In the second region of X, we make a weak assumption that investors coordinate and

choose the Pareto efficient equilibrium—the staying-strategy equilibrium. That is, late investors

ignore the signals received and stay: (\’, X )——Stay.'*

12The parameter conditions in Theorems 3 and 4 are not restrictive at all. A wide set of parameters achieves the
results. In fact, the reason for requiring parameter conditions is that a bank-run game does not have strictly global
strategic complementarities, i.e., in our model, Aw(s) is not strictly monotonically decreasing in s. However, in Fig.
7, we see the intuition for why the parameter conditions are not restrictive: Toward the end of s = 1, Aw(s) does
not decrease but increases very slowly.

R—«a
2

Re—a)=T" That is, we can assume that only these are the

13In fact, we can assume that X\ must satisfy A >
parameter values that are relevant in this research. But it is easy to prove that the conclusions in this subsection
are true in the alternative case of . The economic idea of the proof is exactly the same. Only the mathematical

technique changes.
MTf investors still use the threshold equilibrium for the second region of X, the model result is strengthened,

because we do not need to consider the second region of X separately.
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We begin the analysis from the low region of X, i.e., X € [0, X©), where Xc—i—(l—Xc)-% =
. In this region of X, investors use the threshold strategy in equilibrium. Because investors use the
threshold strategy and set the threshold as A*(X), the fund knows that if the realized redemption
shock is greater than \*(X), all investors redeem and desert the fund, driving its net asset value

to zero. The fund survives if A € [0, \*(X)].1°

The expected value of the fund is

X A*(X)
wH(X) = 1{/ [(X—)\)+(1—X)R]d)\+/ [(1—-X)—2%]RdA\} for X €[0,X°). (9)
0 X

Because W! (X) is a continuous and bounded function with respect to X in the support [0, X C),

the problem M )gchI T(X) has a solution.'® The first-order condition of Eq. (9) is

(1= )X + 20 (X)R] + [(X + (1 - X)a — M (X)] - £ 269 =0, (10)

Q

The trade-off in Eq. (10) is as follows. The first term on the left-hand side is the effect of a
higher X on the value of the fund, given the survival range [0, \*(X)]. This term captures the
trade-off when there is no run. The trade-off is between higher returns (R) by investing more in
illiquid assets and a lower cost of liquidation by holding more cash. This trade-off was examined
when we studied the benchmark equilibrium. As X increases, the first term becomes negative.
Mathematically, this is because A*(X) increases at a lower rate than X. The economic intuition is
that if X is too high, it distorts the optimal trade-off examined in the benchmark equilibrium. The
second term in Eq. (10) is new. It represents the effect on the value of the fund from increasing
the survival window. This term is always positive: Increasing the amount of cash X in the fund
increases the survival range [0, \*(X)]. Overall, the sum of the two terms equals zero for some

interior X. We denote this unique interior solution as X**.

Theorem 5 There exists a unique optimal amount of cash holdings in the hedge fund’s balance

sheet, X**, in the interval (0, X©) that mazimizes the hedge fund value W (X).

"By the properties of A*(X), the inequality \*(X) < X + (1 — X)% < X is valid and, therefore, the upper

limit of the survival window is min[A*(X), X + (1 — X)a, A] = A*(X).
Y Rigorously, M)?xWH(X) can be written as SupW!!(X).
X
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Proof: See the Appendix.

Next, we analyze the second region of X, where X € [X¢,1]. In this region, cash holdings are
very high, and all late investors decide to stay with the fund. The expected value of the fund is,
therefore, equal to that in the benchmark case: B

X A
7 _ i _ 1 A—X C 1117

WI(X) = WI(X) = A{/O [(X—A)+(1—X)R]d>\+/x[(1—X)—a]RdA} for X € [XC, 1].

(11)

R—a
R(2—a)-1

decreasing in the interval X € [X¢ 1]. Therefore, W!/(X) achieves a maximum at X = X¢. We

Because \ > using the proof of Theorem 1, it is easy to show that W!!(X) is
need to prove that this maximum value is less than that in the region X € [0, X¢], or W/(X¢) <
W (X**). This is true under general parameter values. Therefore, it is too costly for the hedge

fund to choose cash holdings in the second region.

Theorem 6 For general parameter values, we have that WT(X¢) < WII(X**).18 That is, it is
not optimal for the hedge fund to hold cash in the interval X € [XY,1]. Globally, the optimal

amount of cash holdings is X**.

Proof: See the Appendix.

The intuition for Theorem 6 is simple. A fund that holds a large amount of cash is better
able to persuade late investors to stay on, eliminating the coordination problem and increasing its
chances of survival. This policy is too costly, though, because the fund forgoes valuable investment
opportunities. It is better that the fund holds less cash. Globally, the optimal amount of cash

holdings is still X**, which lies in the first region.

We wish to prove that the optimal amount of cash when a run is possible is higher than the

optimal amount of cash when there is no risk of a run, i.e., X** > X*.

"Because X + (1 — X)% > ), the upper limit of the fund’s survival window is min[A, X + (1 — X)a)] = .
18The need for parameter assumptions here is because we made a weak assumption; that is, investors coordinate

and choose the staying-strategy equilibrium for the second region of X. If investors continue to use the threshold

equilibrium, Theorem 6 is true automatically and does not require any parameter assumptions.
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We look at what happens if the fund keeps the original cash holdings X*. Because A > %,
from Theorem 1, X* + (1 — X*)a < X. Because X* + (1 — X*)% < X*+ (1 - X*)a, we have
that X* + (1 — X *)% < A. Therefore, we conclude that X* indeed lies in the first region.
Furthermore, by the properties of A*(X), we have that A*(X*) < X* 4+ (1 — X*)a. That is, the

effect of the run causes the survival range to shrink from [0, X* + (1 — X*)a] to [0, A*(X™)].

Because an increase in X widens the survival range [i.e., A*(X) increases in X|, the hedge fund
may need to increase the optimal X™* in the benchmark equilibrium to achieve a wider survival
range and thus maximize the fund value. We evaluate the first-order derivative of W/ (X) at

X = X* to check the change in W/ (X) when X is changed:

dW”(X)‘ _
aX X=X* =

(12)

(1= )X+ 52X ()R] e +{{(X (1= X)a— 1" (X)) £ 20

e dx }’X:X*'

An increase in X at X = X* has two effects on W!/(X). The second term in Eq. (12), the
dominant effect, is positive. It captures the gains from increasing the survival range. The first term
of Eq. (12) is negative. The intuition for the first term is as follows. At the effective maximum
shock, X* + (1 — X*)a, the optimal amount of cash is X*. Because the effective maximum shock
decreases to A*(X™*), the optimal cash holdings should be lower. However, this effect is second order

dwll(X)

compared with the first effect under general parameter values. That is, overall, =+~ > 0,

|X:X*

meaning that the fund can increase its value at 15 by increasing its positions in cash.

Theorem 7 For general parameter values, we have that X** > X*.19 That is, the optimal amount

of cash holdings when a Tun is possible is higher than when a run is not taken into account.
Proof: See the Appendix.

Theorem 7 is a key result of the paper. It shows how runs on hedge funds affect hedge funds’

optimal cash holdings. It is important to emphasize that ex post runs impact the optimal amount

9The need for parameter assumptions is purely for technical reasons. In fact, the first term in Eq. (12) is negative

due to € — 0. In general cases, when € is not arbitrarily small, the first term is also positive. Thus, the inequality

II
4w X(X) | «_x~ > 01is always true; it does not depend on particular parameter values. That is, X** > X™ holds

that v

in general if we do not focus on € — 0.
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of cash ex ante in two ways. The first one is the response effect, represented by the first term on
the left-hand side of Eq. (10). Because of the risk of a run, redemptions include not only early
investors but also some late investors. The size of total redemptions is thus changed because of
runs. In response to an increase in the size of redemptions, the hedge fund manager adjusts the
optimal cash holdings upward. The second channel is the signaling effect and is captured by the
second term on the left-hand side of Eq. (10). The probability of the run and, hence, the size of
total redemptions is a function of the hedge fund’s cash holdings. The fund manager holds more

cash to ‘signal’ and reassure investors, and thus to reduce the likelihood of a run.

Before closing this subsection, we illustrate the results of the model with a numerical example.
We set the parameter values to R = 3, a = 0.8, and A = 0.9. With these values, the optimal
amount of cash holdings without considering a run is X* = 0.23. The hedge fund survives as long
as A € [0,X* 4+ (1 — X*)a] = [0,0.85] C [0,0.9]. With the cash holdings of X* = 0.23, however,
the effect of a run reduces the fund’s survival range to A € [0, \*(X™)] = [0,0.59]. The fund value
is W (X*) = 1.27. Therefore, when a run is possible, it is optimal to increase the amount of
cash holdings as this increases the range of values of A at which the fund survives. In fact, at

X* =0.23, the survival range of the fund changes at a rate of d’\;)((X)

dwl(x)
the fund changes at a rate —

= 0.52, and the value of

|X:X*

|«_yx+ = 0.31. Therefore, the value of the fund can be increased

by increasing the amount of cash holdings, X.

Indeed, if the cash holdings are increased to X** = 0.34, the survival range widens to \ €
[0, \*(X**)] = [0,0.64]. We have “2X) = 0.53 and %) — 0. Therefore, the fund

X |X:X**
achieves its highest expected value at X = X** where W!/(X**) = 1.30. Note that X + (1 —
X) a(R-1)

R—« |X=X**

|X:X**

= 0.82 < )\ is true.

If the fund increases the cash holdings to X¢ = 0.63, there is no coordination problem among
investors. This provides the widest survival range of the fund, A € [0, A] = [0,0.9]. But this policy
is too costly and, therefore, it is not optimal. In fact, the maximum value of the fund within the

region X € [X¢ 1] is W!(X®) = 1.18, which is less than W (X**) = 1.30.

Fig. 8 depicts how W1 (X) and W!!(X) change with X. W!(X) is above W!I(X), meaning
that a run causes the value of the fund to go down. W (X) achieves its highest value at X = 0.23,

while W!I(X) has a positive slope at X = 0.23 and achieves a maximum at X = 0.34. For values of
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X above 0.63, there is no coordination problem any longer, and consequently W/ (X) and W/ (X)
coincide. The optimal cash holdings without considering a run are X* = (.23 and the optimal cash

holdings when a run is possible are X** = 0.34.

Fund value
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Fig. 8. The fund value as afunction of cash holdings

2.3 Implications and predictions of the model

In this subsection, we conduct a comparative statics analysis and study the model’s implications

and predictions.

2.3.1 Implications of the model

From Theorem 7, a panic run forces a hedge fund to hold excess cash. This shows that coordination

problems among investors induce a hedge fund to limit its exposure to illiquid assets.

Alternatively, the argument can be presented in the following way: Suppose that the reservation
utility (opportunity cost) of the hedge fund manager is C. That is, only if the expected value of
the fund at T5 is higher than C' is the fund manager willing to participate in the market at Tp.
We can prove that W(X* R) and W!I(X** R) are both increasing functions in the return, R.
Because W/!(X*, R) > W!I(X** R), there exists an R* and an R** such that W/(X* R*) = C
and W!I(X** R*) = C, with R* < R**. Therefore, for returns R such that R* < R < R**,
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coordination problems prevent the hedge fund manager from taking profitable opportunities in

illiquid positions. These lost opportunities in the interval [R*, R**] represent limits to arbitrage.

Theorem 8 The coordination risk leads hedge funds to give up participating in the market when

the return R is moderately high (i.e., R* < R < R*).
Proof: See the Appendix.

In Theorem 8, missing arbitrage opportunities (R* < R < R**) occur not for the reason
presented in Shleifer and Vishny (1997), but because of the coordination risk and the potential
panic run on the hedge fund. Note that arbitrage opportunities are not taken only when returns
are moderately high. When returns are very high, hedge funds still take arbitrage positions. In
this sense, arbitrage activities are ‘limited’, not suspended completely, a result consistent with the

empirical evidence.

Research by Mitchell and Pulvino (2011) and Krishnamurthy (2010) provides convincing evi-
dence that, during the recent crisis, there were significant arbitrage opportunities in debt markets.
Remarkably, Mitchell and Pulvino (2011) show that in many instances arbitrage failed because of

hedge funds’ funding problems, instead of from problems related to the quality of the assets.

2.3.2 Predictions of the (ex post) probability of a run (at T;)

In our model, there are two factors that drive the probability of a run: A and «. From Eq. (8), we
0 if A <A (X)
1 if A > A (X)

20

can derive the ex post probability of a run Pr = It is easy to show that

N (X)
da

> 0. Therefore, aaP/\r >0 and % <0.

In our model, A is the proportion of investors facing financial constraints, i.e., needing to
withdraw money to cover for consumption, portfolio allocation, or other financial emergencies.
Essentially, we interpret A as the funding liquidity of hedge funds, i.e., the number of investors who
are in need of withdrawing early to cover their own liquidity shocks. Further, a fall in «, a sudden

drying up of market liquidity, also increases the probability of a run.?!

20Due to € — 0, the function Pr is discrete. In general, Pr is continuous.
21See Brunnermeier and Pedersen (2009) for more discussions about market liquidity and funding liquidity.
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We offer Prediction 1.

Prediction 1: Runs on hedge funds are more likely to occur either under poor market liquidity

conditions or when large negative funding-liquidity shocks occur (i.e., a high \).

The impact of market liquidity is particularly relevant during a crisis, because markets typically

become illiquid, often systemically across different asset classes.

2.3.3 Predictions of the (ex ante) optimal cash holdings

Using Eq. (8), we can derive the ex ante probability of a run: Pr = 1 — A*(XX). We have that

% > 0 and that %—T < 0. Thus, we have a time series prediction for hedge funds’ cash holdings.

Prediction 2 (time series of cash holdings): Hedge funds increase their cash holdings

when they expect either market liquidity or funding liquidity to worsen.

Also, because %ir < 0, we have a cross-sectional prediction.

Prediction 3 (cross section of cash holdings): Hedge funds that invest more in illiquid
assets, and are consequently more likely to incur runs, are more likely to hold larger cash positions

as a precaution.

3 Discussion

So far we have assumed that the entire capital of hedge funds comes from their investor-clients
(equityholders), i.e., that funds carry no debt. While this is a gross simplification, it allows us to
emphasize that the equity in hedge funds is fragile and subject to panic runs. This feature of hedge
funds distinguishes them from investment banks and commercial banks, where a panic run cannot
happen to the equity. In fact, equityholders of a bank cannot tender shares back to the bank for

redemption but can only trade ownership in the secondary market.

In addition to equity, hedge funds use leverage, most of it provided by their prime-brokers.

The debt of hedge funds is certainly susceptible to runs such as margin calls or sudden increases
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in haircuts. Therefore, the whole right-hand side of the balance sheet of hedge funds is subject
to runs. In particular, hedge fund runs triggered by debtholders or by equityholders can reinforce
each other. Prime brokers calling the debt extended to a fund can scare the clients of the fund
and trigger redemptions. The opposite is also true: A drop in the assets under management due
to large scale redemptions induces prime brokers to impose stricter limits on leverage and reduce

credit.

These arguments imply that hedge funds seem to have little or no capital in a strict sense,
when capital is defined as “a long-term claim without a first-come-first-served right to cash flows”
(see Diamond and Rajan, 2000). In other words, hedge funds have no real capital cushion on
their balance sheets that can be used to mitigate a panic run by debtholders or equityholders. In
contrast, banks have a capital cushion that can withstand the first loss if some debtholders start a

run.

We argue that the fragile nature of the capital structure of hedge funds has critical implications

both for individual hedge fund behavior and for capital markets.

3.1 Capital fragility encourages micro-prudence

Calomiris and Kahn (1991) and Diamond and Rajan (2001) argue that the coordination problem
inherent in a bank run works as a commitment device, since the bank can commit not to engage in
actions that dissipate value. Diamond and Rajan (2000) develop the argument further by adding
that bank capital requirements sometimes can be harmful and reduce welfare, since they weaken
the management’s commitment to behave appropriately by making the bank’s capital structure

less fragile.

In the same spirit, we argue that hedge funds, with more fragile capital structures than banks,
should be subject to greater market discipline. Tougher market discipline should lead to greater

care in both investment and financing decisions.??

With respect to investment decisions, our paper formally shows that hedge funds optimally

choose to hold more cash when a run is possible. Building on this logic, we expect that if a fund

22This conclusion is even stronger given that banks are protected by deposit insurance and hedge funds are not.
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has some locked-up capital (i.e., some clients’ funds are locked up until 75 and cannot be redeemed
earlier), then the fund holds less cash and invests more in illiquid assets. To prove this formally, we
adjust the original setup and assume that there is a tiny proportion (J) of investors that is locked
up. The proportion of investors that can run is thus 1 — A — J. We prove that the run threshold

increases and, hence, that the optimal cash holdings decrease.

Theorem 9 If the capital that is locked up is positive, i.e., & > 0, then the optimal amount of cash

holdings, X**, decreases (relative to when there is no capital that is locked up).

Proof: See the Appendix.

Theorem 9 sheds some light on why hedge funds, with little or no locked-up capital, are less
aggressive in trading illiquid assets than banks. The evidence shows that, as the recent crisis
unfolded, hedge funds rebalanced their portfolios toward cash holdings more aggressively and faster

than banks.

With respect to financing decisions, we can show that equity fragility makes hedge funds less
aggressive than banks in the use of leverage, as long as the market is not perfectly liquid, i.e.,
a < 1. The idea is as follows. Any rollover problem in hedge funds’ short-term debt can ignite
a run not only by other debtholders but also by equityholders. Equityholders of banks, however,
cannot run. A rollover problem by some lenders of a bank can trigger a run by other lenders but
not by equityholders. The fact that equityholders cannot run provides a cushion for unconstrained
lenders and reduces the incentive to run. This, in turn, encourages banks to operate with higher

leverage ratios than hedge funds ex ante.??

Consistent with the above prediction, the data show that at the beginning of the crisis, on

average, hedge funds operated with much lower leverage ratios than banks. We believe this evidence

23To see this, consider that both a hedge fund and a bank have the same debt-to-equity ratio and that the
probability that the debt is rolled over is the same in both cases. Then, we can show that the ex post probability
of a run triggered by the inability to roll over part of the debt is higher for the hedge fund than it is for the bank.
Consequently, this encourages banks to operate with higher leverage ratios than hedge funds ex ante. This idea can
be formalized with global game techniques. To do that, we need to explicitly model the payoff structure of both
debtholders and equityholders, not that of equityholders alone as in the current model. Within such a framework, it

is possible to model the optimal leverage ratio of financial institutions.
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is in part explained by the argument that different degrees of capital fragility determine different

leverage choices.

In sum, this article argues that hedge funds have strong incentives to run less risky portfolios
and operate with lower leverage ratios because of their fragile capital structure. The relative

conservatism of hedge funds helped them survive better in the recent financial crisis.

3.2 Capital fragility limits arbitrage

Our micro-prudence arguments have implications for the macro-soundness of capital markets. De-
spite their particular expertise, hedge funds are constrained by their fragile capital structure and
at times are not able to fully exploit their trading capabilities. Liquidity risk effectively limits
hedge funds’ arbitrage activities with important implications for financial markets. Hedge funds
must have spotted many interesting investment opportunities during the recent crisis. If they had
been able to exploit these to the limit, markets would have been more informationally efficient. In
reality, the opposite happened. Hedge funds drastically cut their exposures to risky and illiquid
positions and, in so doing, they reduced their role as liquidity providers precisely when markets

were in greater need of liquidity.

3.3 Further extensions of the model

The model can be extended to show that there is an additional feedback effect that can make
things worse. Suppose that «, the variable that captures market illiquidity, is a function of the
total hedge fund capital invested in the market. So, if significant capital is invested by hedge funds
in illiquid securities, « is high; otherwise, a is low. Once a crisis erupts, the tendency to hold cash
among hedge funds increases and this feeds back into «, making the crisis more severe. That is,
there is an externality across hedge funds. Each hedge fund holds cash to protect itself against
its own investors’ coordination failures but, in taking care of its own problem, each hedge fund
reduces market liquidity for all other hedge funds, in turn making investors’ coordination failure
more likely, necessitating even more cash hoarding, and so on.?* In short, hoarding liquidity has

spiraling implications that can exacerbate market paralysis during a crisis.

21See Boyson, Stahel, and Stulz (2010) for evidence along this line.
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4 Concluding remarks

We have developed a model that highlights how the fragile nature of the capital structure in hedge
funds combined with imperfect market liquidity hampers funds’ ability to perform market arbitrage.
In the absence of sophisticated investors, markets become less informationally efficient. In turn,
less efficient markets reduce the participation of investors with spare funds. Limits to arbitrage

can, therefore, cause a vicious cycle and prolong a financial crisis.

Our explanation for the limits of arbitrage differs from that in Shleifer and Vishny (1997). In
their work, investors worry about the quality of a money manager’s assets, and poor performance
leads to early redemptions, which, in turn limits arbitrage. We instead emphasize that investors
face a coordination problem with regard to short-term redemptions. The mere apprehension that
other investors might pull out makes an individual investor consider pulling out as well. During
a financial crisis, when market liquidity is low, a fire sale is costly and coordination problems are
severe. These conditions contribute to the possibility of a panic run. It is this ex post potential

panic run that makes hedge funds less willing to arbitrage markets ex ante.

Our model also helps explain one fact that seems to have surprised many observers of the
recent financial crisis: Hedge funds showed a greater resilience than investment banks (and many
commercial banks). We argue that the reason for this lies in part in the different nature of the
financial claims in hedge funds relative to banks. Both the equity and the debt of hedge funds
are fragile since they can be withdrawn on short notice by investors on a first-come, first-served
basis. For a bank only the debt can be called; the equity is a nonredeemable long-term claim. The
fragility of the whole liability side of the balance sheet of hedge funds implies that they are much
more prone to runs. Hedge fund managers factor a possible run into their investment decisions, as
well as into their financing decisions. The fragility induces hedge funds to be less aggressive than
banks in investing in illiquid assets and in using leverage ex ante.?> The relative conservatism of
hedge funds helped them survive better in the recent financial crisis. An important implication of
this work is that an unregulated sector of the financial markets can be safer than a regulated sector

because of the particular nature of the financial contracts that exist in each case.

25In this paper, a market disciplining mechanism is used to explain why hedge funds behave more conservatively
than banks. The moral hazard problem of “too big to fail”, which encourages banks to take excessive risk ex ante,

is perhaps another important factor behind banks’ aggressiveness.
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Appendix
A.1. Proof of Theorem 1

We can rewrite Eq. (3) as

1{/ (X =N +(1-X
1{/ (XN +(1-X

Hence, we have

wi(

>II

(13)

Rldx + / ((1-x)-
X
XH(1- X)a
Rldx +
X

~X) -

2=X]RdA}

if X+ (1-X)a

_ I B

Wh(X) = 3@ 22X + SEARX + (A - 55)R if X > a=¢ (14)
L[ - R+ 2B)X2 + R(1 - a) X + oF] if X < A=a (15)

The first-order conditions of Eq. (14) and (15) are X* = % and X2 — %’

respectively.
Because X 1* — % = (1;@5}% S
(R[}_zé):o[f@](?) a)} the relation that (X —

X2* are on the same side of the vertical line X = 1

(R—a)

first and then decreases in the interval [%,

X* = (1;%)51%, where X* € [%, 1).
by (R—a)
Ifr x> o)1’

decreases in the interval [

where X* € (0 X‘—a}

' l-a

A.2. Proof of Theorem 3

As shown in Fig. Al, to guarantee that A\*(X

(R—a)(1-a)/a

D - =

A—a

—a"

WI(X) is an increasing function in the interval [0

A—a _ (R—a)—[R@—a)=1\ 4 52« _ %

W!(X) increases first and then decreases in the interval |

=2 1]. Overall, W!(X) achieves a maximum value at X* =

174

R(2— a) 1 1-a

2) > 0 is true. It means that Xl’k nd

, while it increases

1]. Overall, W!(X) achieves a maximum value at

, 2291 while it
R(1—a)
R(2—a)—1°

) is on the right of X, we need to make sure that

the area of ADE (denoted as Sapc) is greater than the area of EFGH (denoted as Sppgr) for

whatever X.
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. A0 (1 x) - a=x R
It is easy to show that Sapc — Sppr = / =R —1lds = (1 - X)[5(1 -
) X
a)In(1—a)+(R—a)] and Spgre = / X=X g — _[X+(1-X)a]In[X +(1-X)a] =
X+(1-X)a
(1-X)(1- a)(%mtt|t=X+(1—X)a)~
Therefore, we can work out the difference between the two areas:
AS = Sapc — SBpGF
= Sapc — (SBpE + SpEFG)
— (1= X){[E(1—a) (1 — @)+ (R—a)] = (1 —a) (G2, 4 xa)}.  (16)
Note that Tl‘;t is increasing in the interval [0, 1), ]tirmt:o = 0, and izl?% *fir;t = 1. To

guarantee that the area difference AS is positive for whatever X is to make sure that g(l —

a)In(l —a) + (R —a) > (1 — a)(FBE,=1), that is, Z(1 —a)In(l —a) + (R—a) > 1 — .

Also, we need A to be big enough so that A > \*(X). The condition A > X + (1 — X)a(R_l)

R—«
suffices for this because X + (1 — X)% > A*(X) is definitely true by the properties of A*(X).

A.3. Proof of Theorem /4

We again use Fig. Al to illustrate the proof.
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We express A*(X) as A*(X) = X + b(1 — X). Suppose X changes to X + AX. We want to
compare \*(X+AX) with A*(X). The idea of comparison is as follows. After X changesto X+AX,
the shape of the payoff curve of course changes because the parameter becomes X + A X instead
of X. We want to know under the new shape of curve whether the area difference Spxy — Sppar
becomes negative or positive if we still keep the threshold as A*(X). If AS becomes positive, it
means that the above shaded area is bigger than the below one, that we need to remove part of
the above shaded area to make the two shaded areas equal, and consequently that A*(X + AX)
>\ (X).

We check how the area difference Spxr — Sppar changes in two steps.

In the first step, we ask what the area difference Spx g — Sppar under the new curve is if we
keep b unchanged. That is, we want to find out the area difference Spxr — Sppgr under the new

curve if the threshold is (X + AX) +b[1 — (X + AX)].

It is easy to show Sypx — Spep = (1 — X){g[(a - B)+ (1 - a)ni=%] — (o — b)} and

Serap = —[X + (1 - X)o]In[X + (1 = X)a] = (1 = X)(1 — o) (G- x 1 (1-x)a)-

Because Sypx — Spep = SErap, we have

Aa=p)+ (1 —a)In=F] = (@ = b) = (1 — ) (FE |i=x+(1-X)a)- (17)
0(Supxk—SBED) _ _ R 1—a _ —tInt

Therefore, ) —E[(a—ﬁ)—l-(l—oz) h’l m]—i—(a—b) = —(1—04)(?“:)(_’_(1_)()0‘).

Also, we can work out % =—(1-a)l+nt)=xt+@a-x)a-

Overall, 288K -8ppar) — _(1 _ o)[=H0 (1 4 1n¢)][,x 11— x)a-

In the second step, we work out under the new curve how much the above shaded area Sypg
increases if the threshold reduces from (X + AX) +b[1 — (X + AX)] to X 4+ b(1 — X). It is easy
to show that the area increases by (AX)(1 — b)(‘i‘f_g . g —1).

Aggregating the results in the above two steps, if the curve shape is changed with the new

parameter X + AX while the threshold is still \*(X), the area difference Spx gy — Sppar becomes

(AX{1 =055 -1~ 1 - a)[FH — 1+ Int)]li=x1(-x)al- (18)
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Because —(1 — a)] f — (1 +Int)] is positive for any ¢ € (0,1), we conclude that b must be
decreasing with X. Hence the first term of Eq. (18) is increasing with X. Also, it is easy to
check that the second term (1 — a)[_ltflntt — (I + Int)][;=x+4(1-x)a is a decreasing function with
respect to X. Therefore, the whole term of Eq. (18) is increasing with X. To guarantee that Eq.
(18) is positive for any X € (0,1), we need to have its value at X = 0 to be positive. That is,
(a—b)-E—(1-b) > —alna—(1—a)(1+Ina), where b solves (£ —1)(a—b)+Z(1—a)In(1:=2) =

1—a

—alna. Alternatively, the above inequality can be simplified as £ oIn(=%) <Ilna.

In sum, A\*(X) is an increasing function with respect to X if parameters satisfy g ln(ll_f%‘) <Ilna

(where b solves (— —1)(a—0)+ (1 —a)In(:=%) = —alnaw).
A.4. Proof of Theorem &

: « « oA
Again, we express \*(X) as \*(X) = X + b(1 — X). We have 8)(( ) = =(1-b)+(1 X)aa—)b(.

By Eq. (17), we have £[(a —8) + (1 - 0)In 1=2] — (0~ b) = (1 — 0)(F2|,_x+ (1x)0):

Differentiating on both sides of the above equation, we obtain g(—f + %gfb) + % =
Int)—1+¢
(1- 04)27(8 )t =X +(1-X)a-
—(Int)—1+t¢
2
Thus, 2 8X (1—04)2%& X+(1-X)a-
e x —(Int)—1+t
* 2
Therefore, 8)(( ) — (1-b)+(1-X)(1- ay%’t X+(1-X)a-

N II
After we work out the explicit expression of 2 5 )((X), we can also explicitly express WTX(X), that

is,

II
dW%;))”l = [(1— BYX + =2 X (X)R] + [(X + (1 — X)a — A*(X)] - B [(1 = b) + (1 — X)(1 -
—(Int)—1+t
a)Qi_gfl;t);% li=x+1-x)a)- (19

Based on Eq. (19), we can directly evaluate dW;I(X) at any X.
dW X)

It is true that dW

|x=0 > 0 and

] x—xc < 0 under general parameter values, which

means that there is an interior solution of X**.

A.5. Proof of Theorem 6
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Because we know the expression of W!!(X), the parameter conditions are the ones such that

W (X)) < WII(X**). Such parameters do exist. The numerical example in the text is one case.

A.6. Proof of Theorem 7

II
Based on Eq. (19), we can directly evaluate dw”_(X) |x=x~. Therefore, the parameter conditions

de (X)|X:X* S 0.

are ones such that
A.7. Proof of Theorem 8

We need to prove only that W/ (X*, R) and W/ i (X**, R) are both increasing functions of R. For

)
. 1{/ (X =N +(1-— )R]dA+/ [(1—X)—2=%]Rd)\} if X+ (1-X)a>\
W XX+( —X)a 0
1{/ (X =N +(1- )R]d)\+/ [(1-X)—2X]RdA\} if X + (1 - X)a < A
X
both (X — X)Rand (1—-X) — 2= X 2=21]R are increasing in R. Therefore, when R increases,

wi (X, R) increases even if we do not adjust X*. But, in fact, when R increases, X* changes as

well in maximizing W (X). Therefore, W!(X*, R) certainly increases in R.

For WH(X) = }\{/:[(X —A) 4+ (1 = X)RJd\ + /;(X)[(l — X) — 2X]Rd\} , we need to
prove that A*(X) is increasing in R first. In Fig. Al, as R increases, Sppgp is unchanged while
Sprp decreases. So, if keeping \*(X) unchanged, Spxy — Spper > 0. Therefore, to restore
the equilibrium, A\*(X) has to increase. After we prove that A*(X) is increasing in R, we use the

argument similar to that in the case of W!(X), and we can prove that W/ (X** R) is increasing

in R.
A.8. Proof of Theorem 9

In Fig. 7, the existence of a tiny proportion (§) of locked investors is equivalent to cutting a
d-width block at the right end of the below shaded area. So the below shaded area is reduced.
To make the two shaded areas equal, the above shaded area should be reduced as well. So the
threshold A\*(X) has to increase. That is, for the same level of X, the survival window of the fund
is bigger if there is locked capital than that if there is not. Therefore, in the first-order condition

of Eq. (9), if we use the new increased threshold \*(X) to substitute for the original A*(X) while
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keeping X the same, the first-order derivative becomes negative. That is, as the threshold \*(X)

increases, the optimal cash holdings become less.
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